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9 The strong coupling «y

Authors: R. Horsley, T. Onogi, R. Sommer

9.1 Introduction

The strong coupling gs(u) defined at scale u, plays a key role in the understanding of QCD
and in its application to collider physics. For example, the parametric uncertainty from oy is
one of the dominant sources of uncertainty in the Standard Model prediction for the H — bb
partial width, and the largest source of uncertainty for H — gg. Thus higher precision
determinations of a are needed to maximize the potential of experimental measurements at
the LHC, and for high-precision Higgs studies at future colliders and the study of the stability
of the vacuum [1-8]. The value of a; also yields one of the essential boundary conditions for
completions of the standard model at high energies.
In order to determine the running coupling at scale u

=2
o) = 20 (279)

we should first “measure” a short-distance quantity Q at scale p either experimentally or
by lattice calculations, and then match it to a perturbative expansion in terms of a running
coupling, conventionally taken as ags(1t),

O(1) = eraggs(p) + caorggs(w)” + - (280)

The essential difference between continuum determinations of o and lattice determinations
is the origin of the values of Q in Eq. (278).

The basis of continuum determinations are experimentally measurable cross sections or
decay widths from which Q is defined. These cross sections have to be sufficiently inclusive and
at sufficiently high scales such that perturbation theory can be applied. Often hadronization
corrections have to be used to connect the observed hadronic cross sections to the perturbative
ones. Experimental data at high u, where perturbation theory is progressively more precise,
usually have increasing experimental errors, and it is not easy to find processes that allow one
to follow the p-dependence of a single Q(u) over a range where as(p) changes significantly
and precision is maintained.

In contrast, in lattice gauge theory, one can design Q(u) as Euclidean short-distance
quantities that are not directly related to experimental observables. This allows us to follow
the u-dependence until the perturbative regime is reached and nonperturbative “corrections”
are negligible. The only experimental input for lattice computations of «y is the hadron
spectrum which fixes the overall energy scale of the theory and the quark masses. Therefore
experimental errors are completely negligible and issues such as hadronization do not occur.
We can construct many short-distance quantities that are easy to calculate nonperturbatively
in lattice simulations with small statistical uncertainties. We can also simulate at parameter
values that do not exist in nature (for example, with unphysical quark masses between bottom
and charm) to help control systematic uncertainties. These features mean that precise results
for as can be achieved with lattice gauge theory computations. Further, as in the continuum,
the different methods available to determine oy in lattice calculations with different associated
systematic uncertainties enable valuable cross-checks. Practical limitations are discussed in
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the next section, but a simple one is worth mentioning here. Experimental results (and
therefore the continuum determinations) of course have all quarks present, while in lattice
gauge theories in practice only the lighter ones are included and one is then forced to use the
matching at thresholds, as discussed in the following subsection.

It is important to keep in mind that the dominant source of uncertainty in most present
day lattice-QCD calculations of o are from the truncation of continuum/lattice perturbation
theory and from discretization errors. Perturbative truncation errors are of particular concern
because they often cannot easily be estimated from studying the data itself. Further, the size
of higher-order coefficients in the perturbative series can sometimes turn out to be larger
than naive expectations based on power counting from the behaviour of lower-order terms.
We note that perturbative truncation errors are also the dominant source of uncertainty in
several of the phenomenological determinations of a.

The various phenomenological approaches to determining the running coupling, a%(M Z)
are summarized by the Particle Data Group [9]. The PDG review lists five categories of phe-
nomenological results used to obtain the running coupling: using hadronic 7 decays, hadronic
final states of ete™ annihilation, deep inelastic lepton—nucleon scattering, electroweak preci-
sion data, and high energy hadron collider data. Excluding lattice results, the PDG quotes
the weighted average as

oL (Mz) = 0.1174(16), PDG 2018 [9) (281)
compared to a%(M z) = 0.1183(12) of the older review [10]. For a general overview of the
various phenomenological and lattice approaches see, e.g., Ref. [11]. The extraction of as
from 7 data, which is the most precise and has the largest impact on the nonlattice average in
Eq. (279) is especially sensitive to the treatment of higher-order perturbative terms as well as
the treatment of nonpe(rt)urbative effects. This is important to keep in mind when comparing

5

our chosen range for a;<(Mz) from lattice determinations in Eq. (344) with the nonlattice

average from the PDG.

9.1.1 Scheme and scale dependence of a; and Aqcp

Despite the fact that the notion of the QCD coupling is initially a perturbative concept, the
associated A parameter is nonperturbatively defined

_ gs(n) 1 1 b
A = 1 (bg2( 1)) ~b1/ (263) o= 1/ (26072 (1)) _/ 11 989
w (bogs (1)) 0e exp |- [ dux B(2) * o e )| (282)

where § is the full renormalization group function in the scheme which defines g,, and by and
b1 are the first two scheme-independent coefficients of the perturbative expansion

B(x) ~ —boz® —bya® + ..., (283)
with
1 9 1 38
b= — (11— =N by = —— (102 — —N . 284
"= Gy ( 3 f) D= Gy ( 3 ) (284)

Thus the A parameter is renormalization-scheme-dependent but in an exactly computable
way, and lattice gauge theory is an ideal method to relate it to the low-energy properties of
QCD. In the MS scheme presently b,, with n; = 4 is known.
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The change in the coupling from one scheme S to another (taken here to be the MS
scheme) is perturbative,

Gors(i) = g3(w) (1 + cfVgd () +..), (285)

where cg), 1 > 1 are finite renormalization coefficients. The scale p must be taken high enough
for the error in keeping only the first few terms in the expansion to be small. On the other

hand, the conversion to the A parameter in the MS scheme is given exactly by
Ajg = Asexp [cél)/(%o)} . (286)
The fact that Ajg can be obtained exactly from Ag in any scheme S where cgl) is known
together with the high order knowledge (5-loop by now) of f;g means that the errors in
ayg(mz) are dominantly due to the errors of Ag. We will therefore mostly discuss them
in that way. Starting from Eq. (280), we have to consider (i) the error of g%(u) (denoted
as (82) Aas ) and (ii) the truncation error in Bg (denoted as (52 Concerning (ii),

(n1)

note that knowledge of ¢; "’ for the scheme S means that 3¢ is known to n; + 1 loop order;
by, is known. We thus see that in the region where perturbation theory can be applied, the
following errors of Ag (or consequently Ajg) have to be considered

)trunc) :

AA _Aas(p)
(F).. = sty 1+ OCesti). 257
(50) = alo+ 0@y, (259)

where k is proportional to by, 41 and in typical good schemes such as MS it is numerically of or-
der one. Statistical and systematic errors such as discretization effects contribute to Aag(p).
In the above we dropped a scheme subscript for the A-parameters because of Eq. (284).

By convention agg is usually quoted at a scale 4 = Mz where the appropriate effective
coupling is the one in the 5-flavour theory: a%(M 7). In order to obtain it from a result with
fewer flavours, one connects effective theories with different number of flavours as discussed
by Bernreuther and Wetzel [12]. For example, one considers the MS scheme, matches the
3-flavour theory to the 4-flavour theory at a scale given by the charm-quark mass [13-15],
runs with the 5-loop S-function [16-20] of the 4-flavour theory to a scale given by the b-quark
mass, and there matches to the 5-flavour theory, after which one runs up to u = My with
the 5-loop B function. For the matching relation at a given quark threshold we use the mass
m, which satisfies m, = yg(m«), where 7 is the running mass (analogous to the running

coupling). Then
G, 1(me) = G (ma) X (140 % 3 (ma) + 3t 532 ()] (289)
n>2

with [13, 15, 21]

1 11
ty = — 2
1 82043 . 564731 2633
ty = _ - Ny —1 291
5 (4m2)3 27643% T 122416 ~ 31104 N )] ’ (291)
1
o= oy [5.170347 — 1.009932( N — 1) — 0.021978 (N — 1)?] (292)
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(where (3 is the Riemann zeta-function) provides the matching at the thresholds in the MS
scheme. Often the package RunDec is used for quark-threshold matching and running in the
MS-scheme [22, 23].

While to, t3, t4 are numerically small coefficients, the charm threshold scale is also rela-
tively low and so there are nonperturbative uncertainties in the matching procedure, which
are difficult to estimate but which we assume here to be negligible. Obviously there is no
perturbative matching formula across the strange “threshold”; here matching is entirely non-
perturbative. Model dependent extrapolations of gfvf from Ny = 0,2 to Ny = 3 were done in
the early days of lattice gauge theory. We will include these in our listings of results but not
in our estimates, since such extrapolations are based on untestable assumptions.

9.1.2 Overview of the review of oy

We begin by explaining lattice-specific difficulties in Sec. 9.2.1 and the FLAG criteria designed
to assess whether the associated systematic uncertainties can be controlled and estimated in
a reasonable manner. We then discuss, in Sec. 9.3 — Sec. 9.8, the various lattice approaches.
For completeness, we present results from calculations with Ny = 0,2,3, and 4 flavours.
Finally, in Sec. 9.10, we present averages together with our best estimates for 041(\/5[7). These
are determined from 3- and 4-flavour QCD simulations. The earlier Ny = 0,2 works obtained
results for Ny = 3 by extrapolation in Ny. Because this is not a theoretically controlled
procedure, we do not include these results in our averages. For the A parameter, we also
give results for other number of flavours, including Ny = 0. Even though the latter numbers
should not be used for phenomenology, they represent valuable nonperturbative information
concerning field theories with variable numbers of quarks.

9.1.3 Additions with respect to the FLAG 13 report
Computations added in FLAG 16 were

Karbstein 14 [24] and Bazavov 14 [25] based on the static-quark potential (Sec. 9.4),
FlowQCD 15 [26] based on a tadpole-improved bare coupling (Sec. 9.6),
HPQCD 14A [27] based on heavy-quark current two-point functions (Sec. 9.7).

They influenced the final ranges marginally.

9.1.4 Additions with respect to the FLAG 16 report

For the benefit of the readers who are familiar with our previous report, we list here where
changes and additions can be found which go beyond slight improvements of the presentation.
Our criteria are slightly updated, keeping up-to-date with the cited precisions of computa-
tions. In particular, in the criterion for perturbative behaviour we specify that the requirement
may be less stringent if a larger uncertainty is quoted.
The FLAG 19 additions are

ALPHA 17 [28] and Ishikawa 17 [29] from step-scaling methods (Sec. 9.3).

Husung 17 [30], Karbstein 18 [31] and Takaura 18 [32, 33] from the static-quark potential
(Sec. 9.4).
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Hudspith 18 [34] based on the vacuum polarization (Sec. 9.5).
Kitazawa 16 [35] based on a tadpole-improved bare coupling (Sec. 9.6).

JLQCD 16 [36] and Maezawa 16 [37] based on heavy-quark current two-point functions
(Sec. 9.7).

Nakayama 18 [38] from the eigenvalue spectrum of the Dirac operator (Sec. 9.9).

9.2 General issues
9.2.1 Discussion of criteria for computations entering the averages

As in the PDG review, we only use calculations of oy published in peer-reviewed journals,
and that use NNLO or higher-order perturbative expansions, to obtain our final range in
Sec. 9.10. We also, however, introduce further criteria designed to assess the ability to con-
trol important systematics, which we describe here. Some of these criteria, e.g., that for the
continuum extrapolation, are associated with lattice-specific systematics and have no con-
tinuum analogue. Other criteria, e.g., that for the renormalization scale, could in principle
be applied to nonlattice determinations. Expecting that lattice calculations will continue to
improve significantly in the near future, our goal in reviewing the state of the art here is to
be conservative and avoid prematurely choosing an overly small range.

In lattice calculations, we generally take Q to be some combination of physical amplitudes
or Euclidean correlation functions which are free from UV and IR divergences and have a well-
defined continuum limit. Examples include the force between static quarks and two-point
functions of quark bilinear currents.

In comparison to values of observables O determined experimentally, those from lattice
calculations require two more steps. The first step concerns setting the scale p in GeV,
where one needs to use some experimentally measurable low-energy scale as input. Ideally
one employs a hadron mass. Alternatively convenient intermediate scales such as \/tg, wo,
T0, 71, [39-42] can be used if their relation to an experimental dimensionful observable is
established. The low-energy scale needs to be computed at the same bare parameters where
Q is determined, at least as long as one does not use the step-scaling method (see below).
This induces a practical difficulty given present computing resources. In the determination of
the low-energy reference scale the volume needs to be large enough to avoid finite-size effects.
On the other hand, in order for the perturbative expansion of Eq. (278) to be reliable, one
has to reach sufficiently high values of p, i.e., short enough distances. To avoid uncontrollable
discretization effects the lattice spacing a has to be accordingly small. This means

L > hadron size ~ AééD and 1/a > pu, (293)
(where L is the box size) and therefore
L/a>> pn/Aqcep - (294)

The currently available computer power, however, limits L/a, typically to L/a = 32 — 96.
Unless one accepts compromises in controlling discretization errors or finite-size effects, this
means one needs to set the scale u according to

p << Ljax Agcp ~ 10 —30GeV. (295)
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(Here <« or > means at least one order of magnitude smaller or larger.) Therefore, p can
be 1 —3 GeV at most. This raises the concern whether the asymptotic perturbative expansion
truncated at 1-loop, 2-loop, or 3-loop in Eq. (278) is sufficiently accurate. There is a finite-size
scaling method, usually called step-scaling method, which solves this problem by identifying
= 1/L in the definition of Q(u), see Sec. 9.3.

For the second step after setting the scale p in physical units (GeV), one should compute
Q on the lattice, Qja¢(a, u) for several lattice spacings and take the continuum limit to obtain
the left hand side of Eq. (278) as

Qu) = lig%) Qlat(a, p) with p fixed. (296)

This is necessary to remove the discretization error.

Here it is assumed that the quantity Q has a continuum limit, which is regularization-
independent. The method discussed in Sec. 9.6, which is based on the perturbative expansion
of a lattice-regulated, divergent short-distance quantity W,s(a) differs in this respect and
must be treated separately.

In summary, a controlled determination of o needs to satisfy the following;:

1. The determination of s is based on a comparison of a short-distance quantity Q at scale
1 with a well-defined continuum limit without UV and IR divergences to a perturbative
expansion formula in Eq. (278).

2. The scale p is large enough so that the perturbative expansion in Eq. (278) is precise
to the order at which it is truncated, i.e., it has good asymptotic convergence.

3. If Q is defined by physical quantities in infinite volume, one needs to satisfy Eq. (292).
Nonuniversal quantities need a separate discussion, see Sec. 9.6.

Conditions 2. and 3. give approximate lower and upper bounds for p respectively. It is
important to see whether there is a window to satisfy 2. and 3. at the same time. If it exists,
it remains to examine whether a particular lattice calculation is done inside the window or
not.

Obviously, an important issue for the reliability of a calculation is whether the scale p
that can be reached lies in a regime where perturbation theory can be applied with confi-
dence. However, the value of u does not provide an unambiguous criterion. For instance,
the Schrédinger Functional, or SF-coupling (Sec. 9.3) is conventionally taken at the scale
@ = 1/L, but one could also choose pn = 2/L. Instead of u we therefore define an effective
aeff. For schemes such as SF (see Sec. 9.3) or gq (see Sec. 9.4) this is directly the coupling
of the scheme. For other schemes such as the vacuum polarization we use the perturbative
expansion Eq. (278) for the observable Q to define

Qof = Qfcy . (297)

If there is an as-independent term it should first be subtracted. Note that this is nothing but
defining an effective, regularization-independent coupling, a physical renormalization scheme.

Let us now comment further on the use of the perturbative series. Since it is only an
asymptotic expansion, the remainder R, (Q) = Q — Y., c;al of a truncated perturbative
expression @ ~ Y, ¢;al cannot just be estimated as a perturbative error ka1, The error
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is nonperturbative. Often one speaks of “nonperturbative contributions”, but nonperturbative
and perturbative cannot be strictly separated due to the asymptotic nature of the series (see,
e.g., Ref. [43]).

Still, we do have some general ideas concerning the size of nonperturbative effects. The
known ones such as instantons or renormalons decay for large u like inverse powers of p and
are thus roughly of the form

exp(—7y/as) (298)

with some positive constant v. Thus we have, loosely speaking,
Q = cras + ca’ + ...+ cpal + O™ + O(exp(—v/as)) . (299)

For small ag, the exp(—7/as) is negligible. Similarly the perturbative estimate for the mag-
nitude of relative errors in Eq. (297) is small; as an illustration for n = 3 and «s = 0.2 the
relative error is ~ 0.8% (assuming coefficients |cp41/c1| ~ 1).

For larger values of as nonperturbative effects can become significant in Eq. (297). An
instructive example comes from the values obtained from 7 decays, for which o &~ 0.3. Here,
different applications of perturbation theory (fixed order and contour improved) each look
reasonably asymptotically convergent but the difference does not seem to decrease much with
the order (see, e.g., the contribution of Pich in Ref. [44]). In addition nonperturbative terms
in the spectral function may be nonnegligible even after the integration up to m, (see, e.g.,
Refs. [45], [46]). All of this is because ay is not really small.

Since the size of the nonperturbative effects is very hard to estimate one should try to
avoid such regions of the coupling. In a fully controlled computation one would like to verify
the perturbative behaviour by changing o, over a significant range instead of estimating the
errors as ~ ! . Some computations try to take nonperturbative power ‘corrections’ to the
perturbative series into account by including such terms in a fit to the u-dependence. We
note that this is a delicate procedure, both because the separation of nonperturbative and
perturbative is theoretically not well defined and because in practice a term like, e.g., as(p)?
is hard to distinguish from a 1/p? term when the p-range is restricted and statistical and
systematic errors are present. We consider it safer to restrict the fit range to the region where
the power corrections are negligible compared to the estimated perturbative error.

The above considerations lead us to the following special criteria for the determination of
o

e Renormalization scale

all points relevant in the analysis have aeg < 0.2
all points have aeg < 0.4 and at least one aeg < 0.25

m otherwise
e Perturbative behaviour

verified over a range of a factor 4 change in ae"f'f without power corrections or
alternatively alk < 1Aaeqr/(8mboa’;) is reached

agreement with perturbation theory over a range of a factor (3/2)? in o possibly
fitting with power corrections or alternatively ok < Aaes/(8mboas) is reached
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m otherwise

Here Aa,g is the accuracy cited for the determination of ag and ny is the loop order to
which the connection of aeg to the MS scheme is known. Recall the discussion around
Egs. (285,286) The 3-function of aeg is then known to n; + 1 loop order.*
e Continuum extrapolation
At a reference point of aegr = 0.3 (or less) we require
three lattice spacings with pa < 1/2 and full O(a) improvement,

or three lattice spacings with pa < 1/4 and 2-loop O(a) improvement,
or pa < 1/8 and 1-loop O(a) improvement

three lattice spacings with pa < 3/2 reaching down to pa = 1 and full O(a)
improvement,
or three lattice spacings with pa < 1/4 and 1-loop O(a) improvement

m otherwise
We also need to specify what is meant by . Here are our choices:

step-scaling : pu=1/L,
heavy quark-antiquark potential : pu=2/r,

observables in momentum space : pu=g¢q,
moments of heavy-quark currents : p = 2m,,
eigenvalues of the Dirac operator : p= Ayg (300)

where ¢ is the magnitude of the momentum, m. the heavy-quark mass, usually taken around
the charm quark mass and Mg is the eigenvalue of the Dirac operator, see Sec. 9.9. We note
again that the above criteria cannot be applied when regularization dependent quantities
Wiat(a) are used instead of O(u). These cases are specifically discussed in Sec. 9.6.

In principle one should also account for electro-weak radiative corrections. However, both
in the determination of ay at intermediate scales p and in the running to high scales, we
expect electro-weak effects to be much smaller than the presently reached precision. Such
effects are therefore not further discussed.

The attentive reader will have noticed that bounds such as pa < 3/2 or at least one
value of aeg < 0.25 which we require for a o are not very stringent. There is a considerable
difference between and #. We have chosen the above bounds, unchanged as compared
to FLAG 16, since not too many computations would satisfy more stringent ones at present.
Nevertheless, we believe that the criteria already give reasonable bases for estimates of
systematic errors. In the future, we expect that we will be able to tighten our criteria for
inclusion in the average, and that many more computations will reach the present +# rating
in one or more categories.

'Once one is in the perturbative region with a.g, the error in extracting the A parameter due to the
truncation of perturbation theory scales like alf:, as discussed around Eq. (286). In order to detect/control
such corrections properly, one needs to change the correction term significantly; we require a factor of four for
a % and a factor (3/2)? for a O. An exception to the above is the situation where the correction terms are
small anyway, i.e., alt = AA/A = Acwes / (8mboay) is reached.
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In addition to our explicit criteria, the following effects may influence the precision of
results:

Topology sampling: In principle a good way to improve the quality of determinations of «
is to push to very small lattice spacings thus enabling large p. It is known that the sampling of
field space becomes very difficult for the HMC algorithm when the lattice spacing is small and
one has the standard periodic boundary conditions. In practice, for all known discretizations
the topological charge slows down dramatically for a ~ 0.05fm and smaller [47-53]. Open
boundary conditions solve the problem [54] but are not frequently used. Since the effect of
the freezing on short distance observables is not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropriate.

Quark-mass effects: We assume that effects of the finite masses of the light quarks (in-
cluding strange) are negligible in the effective coupling itself where large, perturbative, p is
considered.

Scale determination: The scale does not need to be very precise, since using the lowest-
order S-function shows that a 3% error in the scale determination corresponds to a ~ 0.5%
error in as(Mz). So as long as systematic errors from chiral extrapolation and finite-volume
effects are well below 3% we do not need to be concerned about those at the present level of
precision in as(Myz). This may change in the future.

9.2.2 Physical scale

A popular scale choice has been the intermediate rg scale. One should bear in mind that
its determination from physical observables also has to be taken into account. The phe-
nomenological value of ry was originally determined as rg ~ 0.49 fm through potential models
describing quarkonia [41]. Of course the quantity is precisely defined, independent of such
model considerations. But a lattice computation with the correct sea-quark content is needed
to determine a completely sharp value. When the quark content is not quite realistic, the
value of rg may depend to some extent on which experimental input is used to determine
(actually define) it.

The latest determinations from two-flavour QCD are ro = 0.420(14)-0.450(14) fm by the
ETM collaboration [55, 56], using as input fr and fx and carrying out various continuum ex-
trapolations. On the other hand, the ALPHA collaboration [57] determined ry = 0.503(10) fm
with input from fx, and the QCDSF collaboration [58] cites 0.501(10)(11) fm from the mass
of the nucleon (no continuum limit). Recent determinations from three-flavour QCD are con-
sistent with 1 = 0.313(3) fm and 79 = 0.472(5) fm [59-61]. Due to the uncertainty in these
estimates, and as many results are based directly on 7o to set the scale, we shall often give
both the dimensionless number 79Ayg, as well as Ayg. In the cases where no physical rg scale
is given in the original papers or we convert to the rq scale, we use the value rg = 0.472 fm. In
case 71 Ayg is given in the publications, we use ro/r; = 1.508 [61], to convert, which remains
well consistent with the update [52] neglecting the error on this ratio. In some, mostly early,
computations the string tension, /o was used. We convert to ry using 7‘80 = 1.65 — /12,
which has been shown to be an excellent approximation in the relevant pure gauge theory
(62, 63].

The new scales tg, wy based on the gradient flow are very attractive alternatives to rg but
their discretization errors are still under discussion [64-67] and their values at the physical
point are not yet determined with great precision. We remain with rg as our main reference
scale for now. A general discussion of the various scales is given in [68].
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9.2.3 Studies of truncation errors of perturbation theory

As discussed previously, we have to determine a; in a region where the perturbative expansion
for the S-function, Eq. (281) in the integral Eq. (280), is reliable. In principle this must be
checked, however this is difficult to achieve as we need to reach up to a sufficiently high scale.
A frequently used recipe to estimate the size of truncation errors of the perturbative series
is to vary the renormalization-scale dependence around the chosen ‘optimal’ scale u,, of an
observable evaluated at a fixed order in the coupling from p = p./2 to 2u,. For an example
see Fig. 35. Alternatively, or in addition, the renormalization scheme chosen can be varied,
which investigates the perturbative conversion of the chosen scheme to the perturbatively
defined MS scheme and in particular ‘fastest apparent convergence’ when the ‘optimal’ scale
is chosen so that the O(a?) coefficient vanishes.

The ALPHA collaboration in Ref. [69] and ALPHA 17 [70], within the SF approach
defined a set of v schemes where the third scheme-dependent coefficient of the S-function for
Ny =2+ 1 flavours was computed to be b5 = —(0.064(27) + 1.259(1)v)/(4m)3. The standard

SF scheme has v = 0. For comparison, b3S = 0.324/(47)3. A range of scales from about
4 GeV to 128 GeV was investigated. It was found that while the procedure of varying the
scale by a factor 2 up and down gave a correct estimate of the residual perturbative error for
v = 0...0.3, for negative values, e.g., v = —0.5, the estimated perturbative error is much too
small to account for the mismatch in the A-parameter of &~ 8% at as = 0.15. This mismatch,
however, did, as expected, still scale with a2t with n; = 2. In the schemes with negative v,
the coupling a, has to be quite small for scale-variations of a factor 2 to correctly signal the
perturbative errors.

A similar ~ 8% deviation in the A-parameter extracted from the qq-scheme (c.f. Sec. 9.4)
is found by Husung 17 [30], but at as ~ 0.2 and with n; = 3.

9.3 «; from Step-Scaling Methods
9.3.1 General considerations

The method of step-scaling functions avoids the scale problem, Eq. (291). It is in principle
independent of the particular boundary conditions used and was first developed with periodic
boundary conditions in a two-dimensional model [71].

The essential idea of the step-scaling strategy is to split the determination of the running
coupling at large p and of a hadronic scale into two lattice calculations and connect them
by ‘step-scaling’. In the former part, we determine the running coupling constant in a finite-
volume scheme in which the renormalization scale is set by the inverse lattice size yp = 1/L.
In this calculation, one takes a high renormalization scale while keeping the lattice spacing
sufficiently small as

p=1/L~10...100GeV, a/L<1. (301)

In the latter part, one chooses a certain g2,.. = §2(1/Lmax), typically such that Lyay is
around 0.5—1 fm. With a common discretization, one then determines Ly,,x/a and (in a large
volume L > 2-3 fm) a hadronic scale such as a hadron mass, \/tp/a or rg/a at the same
bare parameters. In this way one gets numbers for, e.g., Liyax/70 and by changing the lattice
spacing a carries out a continuum limit extrapolation of that ratio.

In order to connect §2(1/Lmax) to g%(u) at high p, one determines the change of the
coupling in the continuum limit when the scale changes from L to L/s, starting from L = Lpax

10
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and arriving at p = s/ Lyax. This part of the strategy is called step-scaling. Combining these
results yields g2(u1) at 1 = s* (ro/Limax) 7y *» Where 7 stands for the particular chosen hadronic
scale. Most applications use a scale factor s = 2.

At present most applications in QCD use Schrodinger functional boundary conditions [72,
73] and we discuss this below in a little more detail. (However, other boundary conditions are
also possible, such as twisted boundary conditions and the discussion also applies to them.)
An important reason is that these boundary conditions avoid zero modes for the quark fields
and quartic modes [74] in the perturbative expansion in the gauge fields. Furthermore the
corresponding renormalization scheme is well studied in perturbation theory [75-77] with the
3-loop S-function and 2-loop cutoff effects (for the standard Wilson regularization) known.

In order to have a perturbatively well-defined scheme, the SF scheme uses Dirichlet bound-
ary conditions at time ¢ = 0 and ¢ = 7. These break translation invariance and permit
O(a) counter terms at the boundary through quantum corrections. Therefore, the lead-
ing discretization error is O(a). Improving the lattice action is achieved by adding counter
terms at the boundaries whose coeflicients are denoted as ¢, ¢;. In practice, these coefficients
are computed with 1-loop or 2-loop perturbative accuracy. A better precision in this step
yields a better control over discretization errors, which is important, as can be seen, e.g., in
Refs. [62, 78].

Also computations with Dirichlet boundary conditions do in principle suffer from the
insufficient change of topology in the HMC algorithm at small lattice spacing. However, in
a small volume the weight of nonzero charge sectors in the path integral is exponentially
suppressed [79] 2 and in a Monte Carlo run of typical length very few configurations with
nontrivial topology should appear. Considering the issue quantitatively Ref. [80] finds a
strong suppression below L =~ 0.8 fm. Therefore the lack of topology change of the HMC is
not a serious issue. Still Ref. [81] includes a projection to zero topology into the definition of
the coupling. We note also that a mix of Dirichlet and open boundary conditions is expected
to remove the topology issue entirely [82] and may be considered in the future.

Apart from the boundary conditions, the very definition of the coupling needs to be
chosen. We briefly discuss in turn, the two schemes used at present, namely, the ‘Schrodinger
Functional’ (SF) and ‘Gradient Flow’ (GF) schemes.

The SF scheme is the first one, which was used in step-scaling studies in gauge theories
[72]. Inhomogeneous Dirichlet boundary conditions are imposed in time,

Ak(w)’$0:0 = Ck b Ak‘(x)|x0:L = C]i; 9 (302)

for k = 1,2, 3. Periodic boundary conditions (up to a phase for the fermion fields) with period
L are imposed in space. The matrices

LCy = Zdlag(ﬁ - 7T/3a _77/27 —77/2 + 77/3) ’
LCy, =idiag( — (n+m),n/2+7/3,n/2+ 271/3),

just depend on the dimensionless parameter 7. The coupling gsp is obtained from the 7-
derivative of the effective action,

127
<87]S’77:0> - 5 - (303)

9sr

2We simplify here and assume that the classical solution associated with the used boundary conditions has
charge zero. In practice this is the case.
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For this scheme, the finite cg), Eq. (283), are known for i = 1,2 [76, 77].

More recently, gradient flow couplings have been used frequently because of their small
statistical errors at large couplings (in contrast to gsy, which has small statistical errors at
small couplings). The gradient flow is introduced as follows [39, 83]. Consider the flow gauge
field B, (t,x) with the flow time ¢, which is a one parameter deformation of the bare gauge
field A, (x), where B, (t,z) is the solution to the gradient flow equation

OiB,(t,z) = D,Gyu(t,z),
Gu = 0.B,—08,B,+ By, By, (304)

with initial condition B, (0,z) = A,(x). The renormalized coupling is defined by [39]
géF(M) - Ntz <E(t7 .’L')) ‘le/\/g ) (305)

with A = 1672 /3 + O((a/L)?) and where E(t,z) is the action density given by

1
E(t,z) = ZGZu(t7$)qu(t7x)' (306)
In a finite volume, one needs to specify additional conditions. In order not to introduce two
independent scales one sets

V8t = cL, (307)

for some fixed number ¢ [84]. Schrédinger functional boundary conditions [85] or twisted
boundary conditions [29, 86] have been employed. Matching of the GF coupling to the MS
scheme coupling is known to 1-loop for twisted boundary conditions with zero quark flavours
and SU(3) group [29] and to 2-loop with SF boundary conditions with zero quark flavours
[87]. The former is based on a MC evaluation at small couplings and the latter on numerical
stochastic perturbation theory.

9.3.2 Discussion of computations

In Tab. 53 we give results from various determinations of the A parameter. For a clear
assessment of the Ny-dependence, the last column also shows results that refer to a common
hadronic scale, rg. As discussed above, the renormalization scale can be chosen large enough
such that oy < 0.2 and the perturbative behaviour can be verified. Consequently only +# is
present for these criteria except for early work where the n; = 2 loop connection to MS was
not yet known and we assigned a m concerning the renormalization scale. With dynamical
fermions, results for the step-scaling functions are always available for at least a/L = pa =
1/4,1/6,1/8. All calculations have a nonperturbatively O(a) improved action in the bulk.
For the discussed boundary O(a) terms this is not so. In most recent calculations 2-loop
O(a) improvement is employed together with at least three lattice spacings.® This means a

for the continuum extrapolation. In other computations only 1-loop ¢; was available and
we arrive at 0. We note that the discretization errors in the step-scaling functions of the
SF coupling are usually found to be very small, at the percent level or below. However, the
overall desired precision is very high as well, and the results in CP-PACS 04 [78] show that

3With 2-loop O(a) improvement we here mean c¢; including the go term and & with the g2 term. For gluonic
observables such as the running coupling this is sufficient for cutoff effects being suppressed to O(g%a).
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)
N
> <
S & 5 s
X > 1] >
g § F F
Collaboration Ref.  Nf § &€ § & scle Ayis[ MeV] roAss
ALPHA 10A [88] 4 A only running of «; in Fig. 4
Perez 10 [89] 4 C only step-scaling function in Fig. 4
ALPHA 17 [28] 2+1 A V8o = 0.415fm  341(12) 0.816(29)
PACS-CS 09A [90] 2+1 A m, 371(13)(8)(F9,)*  0.888(30)(18)(F5,)T
A m, 345(59)## 0.824(141)1
ALPHA 12* [57] 2 A fx 310(20) 0.789(52)
ALPHA 04 [91] 2 A =m ro = 0.5 fm® 245(16)(16)* 0.62(2)(2)*
ALPHA 01A [92] 2 A only running of a; in Fig. 5
Ishikawa 17 [29] 0 A r0, [V/7] 253(4)(F13)T 0.606(9)(F21)*
CP-PACS 04% [78] 0 A only tables of g2p
ALPHA 98" [93] 0 A ro = 0.5fm 238(19) 0.602(48)
Liischer 93 [75] 0 A ro = 0.5fm 233(23) 0.590(60)%¢

#

T In conversion from Agrg to 7oAz and vice versa, 7o is taken to be 0.472 fm.
## Result with a linear continuum extrapolation in a of the combination Lmaxm,.

* Supersedes ALPHA 04.

5 The N = 2 results were based on values for ro/a which have later been found to be too small by [57].
The effect will be of the order of 10-15%, presumably an increase in Arg. We have taken this into
account by a m in the renormalization scale.

This investigation was a precursor for PACS-CS 09A and confirmed two step-scaling functions as well
as the scale setting of ALPHA 98.

' Uses data of Liischer 93 and therefore supersedes it.

8 Converted from ags(37r5 ") = 0.1108(25).

* Also Agrs/v/@ = 0.532(8)(T27) is quoted.

Result with a constant (in a) continuum extrapolation of the combination Lmaxm,.

&

Table 53: Results for the A parameter from computations using step-scaling of the SF-
coupling. Entries without values for A computed the running and established perturbative
behaviour at large p.

discretization errors at the below percent level cannot be taken for granted. In particular
with staggered fermions (unimproved except for boundary terms) few percent effects are seen
in Perez 10 [89].

In the work by PACS-CS 09A [90], the continuum extrapolation in the scale setting
is performed using a constant function in a and with a linear function. Potentially the
former leaves a considerable residual discretization error. We here use, as discussed with the
collaboration, the continuum extrapolation linear in a, as given in the second line of PACS-CS
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09A [90] results in Tab. 53. After perturbative conversion from a three-flavour result to five
flavours (see Sec. 9.2.1), they obtain

oLl (Mz) = 0.118(3). (308)

In Ref. [28], the ALPHA collaboration determined A% combining step-scaling in géF in

the lower scale region pp,g < p < po, and step-scaling in ggF for higher scales pg < p < ppr.
Both schemes are defined with SF boundary conditions. For géF a projection to the sector of
zero topological charge is included, Eq. (304) is restricted to the magnetic components, and
¢ = 0.3. The scales finad, po, and ppr are defined by gap(pnad) = 11.3, §ap (o) = 2.012, and
pupT = 1640 which are roughly estimated as

1/Lmax = Uhad ~ 0.2 GeV, Ho ~ 4 GGV, upT = 70 GeV. (309)

Step-scaling is carried out with an O(a)-improved Wilson quark action [94] and Liischer-
Weisz gauge action [95] in the low-scale region and an O(a)-improved Wilson quark action
[96] and Wilson gauge action in the high-energy part. For the step-scaling using steps of
L/a — 2L/a, three lattice sizes L/a = 8,12, 16 were simulated for g and four lattice sizes
L/a=(4,)6,8,12 for g%F. The final results do not use the small lattices given in parenthesis.

The parameter A% is then obtained via
A8
A% _ NS % HPT % Hhad % Frk ’ (310)
KPT Hhad Jrk ~~
N~ ~—~— N~~~ experimental data

perturbation theory  step—scaling large volume simulation

where the hadronic scale frx is frx = %(QfK + fr) = 147.6(5) MeV. The first term on
the right hand side of Eq. (308) is obtained from agp(ppr) which is the output from SF
step-scaling using Eq. (280) with agp(uprt) =~ 0.1 and the 3-loop S-function and the exact
conversion to the MS-scheme. The second term is essentially obtained from step-scaling in
the GF scheme and the measurement of ggF(,uo) except for the trivial scaling factor of 16 in
the SF running. The third term is obtained from a measurement of the hadronic quantity at
large volume.

A large volume simulation is done for three lattice spacings with sufficiently large volume
and reasonable control over the chiral extrapolation so that the scale determination is precise
enough. The step-scaling results in both schemes satisfy renormalization criteria, perturbation
theory criteria, and continuum limit criteria just as previous studies using step-scaling. So
we assign green stars for these criteria.

The dependence of A, eq. (280) with 3-loop S-function, on as and on the chosen scheme
is discussed in [69]. This investigation provides a warning on estimating the truncation error
of perturbative series. Details are explained in Sec. 9.2.3.

The result for the A parameter is A% = 341(12) MeV, where the dominant error comes
from the error of agr(upr) after step-scaling in SF scheme. Using 4-loop matching at the
charm and bottom thresholds and 5-loop running one finally obtains

oL (M) = 0.11852(84). (311)
Several other results do not have a sufficient number of quark flavours or do not yet contain
the conversion of the scale to physical units (ALPHA 10A [88], Perez 10 [89]). Thus no value
for al(\%(MZ) is quoted.
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The computation of Ishikawa et al. [29] is based on the gradient flow coupling with twisted
boundary conditions [86] (TGF coupling) in the pure gauge theory. Again they use ¢ = 0.3.
Step-scaling with a scale factor s = 3/2 is employed, covering a large range of couplings from
as ~ 0.5 to ag &~ 0.1 and taking the continuum limit through global fits to the step-scaling
function on L/a = 12,16, 18 lattices with between 6 and 8 parameters. Systematic errors
due to variations of the fit functions are estimated. Two physical scales are considered: ry/a
is taken from [62] and oa® from [97] and [98]. As the ratio Argr/Ajg has not yet been
computed analytically, Ref. [29] determines the 1-loop relation between gsr and grgr from
MC simulations performed in the weak coupling region and then uses the known Agr/Ags-
Systematic errors due to variations of the fit functions dominate the overall uncertainty.

9.4 «, from the potential at short distances

9.4.1 General considerations

The basic method was introduced in Ref. [99] and developed in Ref. [100]. The force or
potential between an infinitely massive quark and antiquark pair defines an effective coupling
constant via

F(r)=— :CFO@:Q(T). (312)

The coupling can be evaluated nonperturbatively from the potential through a numerical dif-
ferentiation, see below. In perturbation theory one also defines couplings in different schemes
ay, ay via

av(Q)
Q*

where one fixes the unphysical constant in the potential by lim,_,, V(1) = 0 and V(Q) is the
Fourier transform of V(r). Nonperturbatively, the subtraction of a constant in the potential
introduces an additional renormalization constant, the value of V (rf) at some distance ryef.
Perturbatively, it is believed to entail a renormalon ambiguity. In perturbation theory, the
different definitions are all simply related to each other, and their perturbative expansions
are known including the a?, a%logas and o2 log o, a(log as)? terms [101-108].

The potential V(r) is determined from ratios of Wilson loops, W (r,t), which behave as

V(T)——CFQVT(T), or V(Q)=-Cr (313)

(W (r,1)) = [eo?e™ " 43 feg|?e ", (314)
n#0

where t is taken as the temporal extension of the loop, r is the spatial one and V,, are
excited-state potentials. To improve the overlap with the ground state, and to suppress the
effects of excited states, ¢ is taken large. Also various additional techniques are used, such
as a variational basis of operators (spatial paths) to help in projecting out the ground state.
Furthermore some lattice-discretization effects can be reduced by averaging over Wilson loops
related by rotational symmetry in the continuum.

In order to reduce discretization errors it is of advantage to define the numerical derivative
giving the force as

F(r) = ) (315)
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where 77 is chosen so that at tree level the force is the continuum force. F(r) is then a
‘tree-level improved’ quantity and similarly the tree-level improved potential can be defined
[109].

Lattice potential results are in position space, while perturbation theory is naturally
computed in momentum space at large momentum. Usually, the Fourier transform of the
perturbative expansion is then matched to lattice data.

Finally, as was noted in Sec. 9.2.1, a determination of the force can also be used to
determine the scales rg, 1, by defining them from the static force by

raF(ro) = 1.65, r2F(r)) =1. (316)

9.4.2 Discussion of computations

In Tab. 54, we list results of determinations of 7oAy (together with Ay using the scale
determination of the authors). Since the last review, FLAG 16, there have been three new
computations, Husung 17 [30], Karbstein 18 [31] and Takaura 18 [32, 33].

The first determinations in the three-colour Yang Mills theory are by UKQCD 92 [100]
and Bali 92 [113] who used aqq as explained above, but not in the tree-level improved form.
Rather a phenomenologically determined lattice artifact correction was subtracted from the
lattice potentials. The comparison with perturbation theory was on a more qualitative level
on the basis of a 2-loop [-function (n; = 1) and a continuum extrapolation could not be
performed as yet. A much more precise computation of aqq with continuum extrapolation
was performed in Refs. [62, 109]. Satisfactory agreement with perturbation theory was found
[109] but the stability of the perturbative prediction was not considered sufficient to be able
to extract a A parameter.

In Brambilla 10 [112] the same quenched lattice results of Ref. [109] were used and a
fit was performed to the continuum potential, instead of the force. Perturbation theory to
n; = 3 loop was used including a resummation of terms a2 (as In o)™ and a?(as In a)™. Close
agreement with perturbation theory was found when a renormalon subtraction was performed.
Note that the renormalon subtraction introduces a second scale into the perturbative formula
which is absent when the force is considered.

Bazavov 14 [25] updates Bazavov 12 [110] and modifies this procedure somewhat. They
consider the perturbative expansion for the force. They set p = 1/r to eliminate logarithms
and then integrate the force to obtain an expression for the potential. The resulting integration
constant is fixed by requiring the perturbative potential to be equal to the nonperturbative
one exactly at a reference distance r.of and the two are then compared at other values of r.
As a further check, the force is also used directly.

For the quenched calculation Brambilla 10 [112] very small lattice spacings, a ~ 0.025 fm,
were available from Ref. [109]. For ETM 11C [111], Bazavov 12 [110], Karbstein 14 [24] and
Bazavov 14 [25] using dynamical fermions such small lattice spacings are not yet realized
(Bazavov 14 reaches down to a ~ 0.041fm). They all use the tree-level improved potential
as described above. We note that the value of Agg in physical units by ETM 11C [111] is
based on a value of rg = 0.42 fm. This is at least 10% smaller than the large majority of
other values of rg. Also the values of 79/a on the finest lattices in ETM 11C [111] and 71 /a
for Bazavov 14 [25] come from rather small lattices with m,L ~ 2.4, 2.2 respectively.

Instead of the procedure discussed previously, Karbstein 14 [24] reanalyzes the data of
ETM 11C [111] by first estimating the Fourier transform V(p) of V(r) and then fitting the
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Collaboration  Ref. Ny g & g & scale Asis[ MeV] rolss
Takaura 18 [32,33] 2+1 P = Vo = 0.1465(25)fm, ¢ 334(10)(T29)*  0.799(51)*
Bazavov 14 [25] 241 A r1 = 0.3106(17) fm® 315(718)¢ 0.746(132)
Bazavov 12 [110] 241 A t # o =0.468fm 295(30) * 0.70(7)**
Karbstein 18 [31] 2 A ro = 0.420(14) fm*® 302(16) 0.643(34)
Karbstein 14 [24] 2 A ro = 0.42 fm 331(21) 0.692(31)
ETM 11C [111] 2 A ro = 0.42fm 315(30)8 0.658(55)
Husung 17 [30] © C ro = 0.50 fm 232(6) 0.590(16)
Brambilla 10 [112] 0 A tt 266(13) " 0.637(F32)1
UKQCD 92 [100] © A T+ om Vo = 0.44 GeV 256(20) 0.686(54)
Bali 92 [113] © A ttoom Vo =0.44 GeV 247(10) 0.661(27)

**

Tt

++

Scale determined from ¢o in Ref. [40].
all(Mz) = 0.1179(7)(*13).

Determmatlon on lattices with m,L = 2.2 — 2.6. Scale from 7, [52] as determined from f, in Ref. [60].
al(1.5GeV) = 0.336(11?), alL(My) = 0.1166(*42).
Scale determined from fr, see [55].
Since values of a.g within our designated range are used, we assign a despite values of aeg up to
et = 0.5 being used.
Since values of 2a/r within our designated range are used, we assign a although only values of
2a/r > 1.14 are used at aeg = 0.3.
Using results from Ref. [61].

all(1.5GeV) = 0.326(19), all(Mz) = 0.1156(*3}).
Both potential and r/a are determined on a small (L = 3.2r¢) lattice.
Uses lattice results of Ref. [62], some of which have very small lattice spacings where according to more
recent investigations a bias due to the freezing of topology may be present.
Our conversion using ro = 0.472 fm.
We give a O because only a NLO formula is used and the error bars are very large; our criterion does
not apply well to these very early calculations.

Table 54: Short-distance potential results.

perturbative expansion of f/(p) in terms of agg(p). Of course, the Fourier transform requires
some modelling of the r-dependence of V(r) at short and at large distances. The authors
fit a linearly rising potential at large distances together with string-like corrections of order

T.—’I’L

and define the potential at large distances by this fit.* Recall that for observables in

momentum space we take the renormalization scale entering our criteria as u = ¢, Eq. (298).
The analysis (as in ETM 11C [111]) is dominated by the data at the smallest lattice spacing,

4Note that at large distances, where string breaking is known to occur, this is not any more the ground
state potential defined by Eq. (312).
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where a controlled determination of the overall scale is difficult due to possible finite-size
effects. Karbstein 18 [31] is a reanalysis of Karbstein 14 and supersedes it. Some data with
a different discretization of the static quark is added (on the same configurations) and the
discrete lattice results for the static potential in position space are first parameterized by a
continuous function, which then allows for an analytical Fourier transformation to momentum
space.

Similarly also for Takaura 18 [32, 33] the momentum space potential V(Q) is the central
object. Namely, they assume that renormalon / power law effects are absent in V(Q) and only
come in through the Fourier transformation. They provide evidence that renormalon effects
(both u = 1/2 and w = 3/2) can be subtracted and arrive at a nonperturbative term k AiTSTQ.
Two different analysis are carried out with the final result taken from “Analysis II”. Our
numbers including the evaluation of the criteria refer to it. Together with the perturbative
3-loop (including the a?loga, term) expression, this term is fitted to the nonperturbative
results for the potential in the region 0.04fm < r < 0.35fm, where 0.04fm is 7 = a on the
finest lattice. The NP potential data originate from JLQCD ensembles (Symanzik improved
gauge action and Mobius domain-wall quarks) at three lattice spacings with a pion mass
around 300 MeV. Since at the maximal distance in the analysis we find agg(2/7) = 0.43, the
renormalization scale criterion yields a m. The perturbative behavior is because of the
high order in PT known. The continuum limit criterion yields a

One of the main issues for all these computations is whether the perturbative running of
the coupling constant has been reached. While for Ny = 0 fermions Brambilla 10 [112] reports
agreement with perturbative behavior at the smallest distances, Husung 17 (which goes to
shorter distances) finds relatively large corrections beyond the 3-loop aqq. For dynamical
fermions, Bazavov 12 [110] and Bazavov 14 [25] report good agreement with perturbation
theory after the renormalon is subtracted or eliminated.

A second issue is the coverage of configuration space in some of the simulations, which use
very small lattice spacings with periodic boundary conditions. Affected are the smallest two
lattice spacings of Bazavov 14 [25] where very few tunnelings of the topological charge occur
[52]. With present knowledge, it also seems possible that the older data by Refs. [62, 109]
used by Brambilla 10 [112] are partially obtained with (close to) frozen topology.

The recent computation Husung 17 [30], for Ny = 0 flavours first determines the coupling
ggq(r, a) from the force and then performs a continuum extrapolation on lattices down to
a =~ 0.015 fm, using a step-scaling method at short distances, r/ro S 0.5. Using the 4-loop
B99 function this allows 79Ayq to be estimated, which is then converted to the MS scheme.
Qeff = Qiqq Tanges from ~ 0.17 to large values; we give o for renormalization scale and * for
perturbative behaviour. The range ap = 2a/r ~ 0.37 - 0.14 leads to a % in the continuum
extrapolation.

We note that the Ny = 3 determinations of 79Agg agree within their errors of 4-6%.

9.5 «, from the vacuum polarization at short distances
9.5.1 General considerations

The vacuum polarization function for the flavour nonsinglet currents Ji} (a = 1,2,3) in the
momentum representation is parameterized as

(J2T8) = 6(6,wQ* — Q@I (Q) — Q.Q.TV(Q)], (317)
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where @, is a space-like momentum and J, = V), for a vector current and J, = A, for an

axial-vector current. Defining I1;(Q) = HSO)(Q) + Hfjl)(Q), the operator product expansion
(OPE) of the vacuum polarization function Iy 4(Q) = Iy (Q) + 4 (Q) is given by

My 4 lope(Q?, as)

(mqqq)
= ¢+ C1(QY) + CVHAQ? Q2 + Ao 54
q=u,d,s
(asGQG)
Q4
for large Q2. The perturbative coefficient functions C%4(Q?) for the operators X (X =
@ .
1, qq, GG) are given as CX‘*‘A(QQ) = D0 (CX‘*‘A) ' (Q?) and m is the running mass

of the mass-degenerate up and down quarks. C; is known including aﬁ in a continuum
renormalization scheme such as the MS scheme [114-117]. Nonperturbatively, there are terms
in C'x that do not have a series expansion in «a,. For an example for the unit operator see
Ref. [118]. The term c is @-independent and divergent in the limit of infinite ultraviolet
cutoff. However the Adler function defined as

+Cec(Q?) +0(Q7%), (318)

L dI1(Q?)
Q2

is a scheme-independent finite quantity. Therefore one can determine the running coupling
constant in the MS scheme from the vacuum polarization function computed by a lattice-
QCD simulation. In more detail, the lattice data of the vacuum polarization is fitted with the
perturbative formula Eq. (316) with fit parameter Agg parameterizing the running coupling
ag5(Q7).

While there is no problem in discussing the OPE at the nonperturbative level, the ‘con-
densates’ such as (asGG) are ambiguous, since they mix with lower-dimensional operators
including the unity operator. Therefore one should work in the high-Q? regime where power
corrections are negligible within the given accuracy. Thus setting the renormalization scale
as u = \/@ , one should seek, as always, the window Aqcp < 1 < a "t

D(Q*) =-Q

(319)

9.5.2 Discussion of computations

Results using this method are, to date, only available using overlap fermions or domain wall
fermions. Since the last review, FLAG 16, there has been one new computation, Hudspith
18 [34]. These are collected in Tab. 55 for Ny = 2, JLQCD/TWQCD 08C [121] and for
Ny =241, JLQCD 10 [120] and Hudspith 18 [34].

We first discuss the results of JLQCD/TWQCD 08C [121] and JLQCD 10 [120]. The
fit to Eq. (316) is done with the 4-loop relation between the running coupling and Ayg. It
is found that without introducing condensate contributions, the momentum scale where the
perturbative formula gives good agreement with the lattice results is very narrow, a@) =~
0.8 — 1.0. When a condensate contribution is included the perturbative formula gives good
agreement with the lattice results for the extended range a@) ~ 0.6 — 1.0. Since there is only a
single lattice spacing a ~ 0.11fm there is a m for the continuum limit. The renormalization
scale p is in the range of ) = 1.6 — 2GeV. Approximating aeg ~ agg(Q), we estimate that
e = 0.25 —0.30 for Ny = 2 and aeg = 0.29 — 0.33 for Ny = 2 + 1. Thus we give a o and
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=)
X
At
g ~ &
$ & & F
s & &£ §
Collaboration Ref. Ny § ¢ & & scale Ayis[MeV]  roAgg
Hudspith 18 [34] 241 P E omo” 337(40) 0.806(96)*
Hudspith 15 [119] 241 C B omot 300(24)* 0.717(58)
JLQCD 10 [120] 241 A = B ro=0472fm 247(5)" 0.591(12)
JLQCD/TWQCD 08C[121] 2 A B ro=049fm  234(9)(;%)  0.581(22)(F5%)

* Determined in [122].

@ a%(MZ) = 0.1181(27)(*3,). Asrs determined by us from a%(? GeV) = 0.2961(185). In conversion to roA
we used g = 0.472 fm.
* Determined by us from a%@ GeV) = 0.279(11). Evaluates to oa%(Mz) = 0.1155(18).

o (M) = 0.1118(3)(F}9).
Table 55: Vacuum polarization results.

s for Ny = 2 and Ny = 2 + 1, respectively, for the renormalization scale and a m for the
perturbative behaviour.

A further investigation of this method was initiated in Hudspith 15 [119] and completed
by Hudspith 18 [34] (see also [123]) based on domain wall fermion configurations at three
lattice spacings, a=' = 1.78, 2.38, 3.15 GeV, with three different light quark masses on the
two coarser lattices and one on the fine lattice. An extensive discussion of condensates, using
continuum finite energy sum rules was employed to estimate where their contributions might
be negligible. It was found that even up to terms of O((1/Q?)®) (a higher order than depicted
in Eq. (316) but with constant coefficients) no single condensate dominates and apparent
convergence was poor for low Q2 due to cancellations between contributions of similar size
with alternating signs. (See, e.g., the list given by Hudspith 15 [119].) Choosing Q? to be at
least ~ 3.8 GeV? mitigated the problem, but then the coarest lattice had to be discarded, due
to large lattice artifacts. So this gives a m for continuum extrapolation. With the higher Q2
the quark-mass dependence of the results was negligible, so ensembles with different quark
masses were averaged over. A range of Q? from 3.8 — 16 GeV? gives aeg = 0.31 — 0.22, so
there is a for the renormalization scale. The value of agﬁ reaches Aaeg/(8Tboaes) and
thus gives a o for perturbative behaviour. In Hudspith 15 [119] (superseded by Hudspith 18
[34]) about a 20% difference in TI(Q?) was seen between the two lattice lattice spacings and
a result is quoted only for the smaller a.
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9.6 «, from observables at the lattice spacing scale
9.6.1 General considerations

The general method is to evaluate a short-distance quantity O at the scale of the lattice

spacing ~ 1/a and then determine its relationship to agg via a perturbative expansion.
This is epitomized by the strategy of the HPQCD collaboration [124, 125], discussed here

for illustration, which computes and then fits to a variety of short-distance quantities, Y,

Mmax

Y=Y caodlq). (320)
n=1

The quantity Y is taken as the logarithm of small Wilson loops (including some nonplanar
ones), Creutz ratios, ‘tadpole-improved’” Wilson loops and the tadpole-improved or ‘boosted’
bare coupling (O(20) quantities in total). The perturbative coefficients ¢, (each depending
on the choice of V) are known to n = 3 with additional coefficients up to nmyax being fitted
numerically. The running coupling ay is related to ay from the static-quark potential (see
Sec. 9.4).°

The coupling constant is fixed at a scale ¢* = d/a. The latter is chosen as the mean
value of In¢ with the one gluon loop as measure [126, 127]. (Thus a different result for d is
found for every short-distance quantity.) A rough estimate yields d ~ 7, and in general the
renormalization scale is always found to lie in this region.

For example, for the Wilson loop W,,,, = (W (ma,na)) we have

W,
In (z(gfn)> = crav/(q") + 203, (¢") + e3aiy (¢) + -+, (321)
Uo
for the tadpole-improved version, where c1, ¢z, . .. are the appropriate perturbative coefficients

and ug = Wlll/ : Substituting the nonperturbative simulation value in the left hand side, we

can determine ay/(g*), at the scale ¢*. Note that one finds empirically that perturbation
theory for these tadpole-improved quantities have smaller ¢, coefficients and so the series has
a faster apparent convergence compared to the case without tadpole improvement.

Using the B-function in the V' scheme, results can be run to a reference value, chosen
as ag = ay/(qo), go = 7.5GeV. This is then converted perturbatively to the continuum MS
scheme

aM—S(qo) =g + dla% + dgag + - (322)

where dy, dy are known 1- and 2-loop coefficients.
Other collaborations have focused more on the bare ‘boosted’ coupling constant and di-
rectly determined its relationship to agg. Specifically, the boosted coupling is defined by

ap(l/a) = —=7, (323)

again determined at a scale ~ 1/a. As discussed previously, since the plaquette expectation
value in the boosted coupling contains the tadpole diagram contributions to all orders, which
are dominant contributions in perturbation theory, there is an expectation that the perturba-
tion theory using the boosted coupling has smaller perturbative coefficients [126], and hence
smaller perturbative errors.

5 qy is defined by Ay, = Ay and by = bY for i =0,1,2 but b)Y = 0 for i > 3.
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9.6.2 Continuum limit

Lattice results always come along with discretization errors, which one needs to remove by a
continuum extrapolation. As mentioned previously, in this respect the present method differs
in principle from those in which ay is determined from physical observables. In the general
case, the numerical results of the lattice simulations at a value of u fixed in physical units can
be extrapolated to the continuum limit, and the result can be analyzed as to whether it shows
perturbative running as a function of y in the continuum. For observables at the cutoff-scale
(¢* = d/a), discretization effects cannot easily be separated out from perturbation theory, as
the scale for the coupling comes from the lattice spacing. Therefore the restriction ap < 1
(the ‘continuum extrapolation’ criterion) is not applicable here. Discretization errors of order
a? are, however, present. Since a ~ exp(—1/(2byg3)) ~ exp(—1/(8wbo(g*)), these errors now
appear as power corrections to the perturbative running, and have to be taken into account
in the study of the perturbative behaviour, which is to be verified by changing a. One thus
usually fits with power corrections in this method.

In order to keep a symmetry with the ‘continuum extrapolation’ criterion for physical
observables and to remember that discretization errors are, of course, relevant, we replace it
here by one for the lattice spacings used:

e Lattice spacings

3 or more lattice spacings, at least 2 points below a = 0.1 fm
2 lattice spacings, at least 1 point below a = 0.1 fm

m otherwise

9.6.3 Discussion of computations

Note that due to p ~ 1/a being relatively large the results easily have a % or o in the rating
on renormalization scale.
The work of El-Khadra 92 [135] employs a 1-loop formula to relate a%(w/a) to the

boosted coupling for three lattice spacings a~! = 1.15, 1.78, 2.43 GeV. (The lattice spacing

is determined from the charmonium 1S-1P splitting.) They obtain A% = 234 MeV, cor-

responding to e = a%(ﬂ/ a) = 0.15-0.2. The work of Aoki 94 [134] calculates ag) and
(2)

Ot for a single lattice spacing a~! ~ 2GeV, again determined from charmonium 1S-1P
splitting in two-flavour QCD. Using 1-loop perturbation theory with boosted coupling, they

obtain ag) = 0.169 and %) = 0.142. Davies 94 [133] gives a determination of ay from the

@ _
expansion
4
Wy = ?ﬂa(VNf’(:s.m/a) x [1 = (1185 + 0.070Np)alM] (324)

neglecting higher-order terms. They compute the T spectrum in Ny = 0, 2 QCD for single
lattice spacings at a=! = 2.57, 2.47GeV and obtain ay(3.41/a) ~ 0.15, 0.18, respectively.

Extrapolating the inverse coupling linearly in Ny, a value of ag’)(&B GeV) = 0.196(3) is
obtained. SESAM 99 [131] follows a similar strategy, again for a single lattice spacing. They

linearly extrapolated results for 1/ ag)), 1/ ag) at a fixed scale of 9GeV to give ag), which

is then perturbatively converted to a%. This finally gave a%(MZ) = 0.1118(17). Wingate
95 [132] also follows this method. With the scale determined from the charmonium 1S-1P
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A
v &
N
s 85 ~QE’Q &
g 5 o 8
s §F & §
S §F 5 &
F 3
S S £ g
\>
Collaboration Ref. Ny g &€ § F scale Ayis[MeV]  roAyg
HPQCD 108 [128] 241 A r1 = 0.3133(23) fm  340(9) 0.812(22)
HPQCD 08A“ [125] 2+1 A r = 0.321(5) fm™™  338(12)* 0.809(29)
Maltman 08* [129] 241 A r1 = 0.318fm 352(17)f 0.841(40)
HPQCD 05A° [124] 241 A it 319(17)** 0.763(42)
QCDSF/UKQCD 05[130] 2 A = ro = 0.467(33)fm  261(17)(26)  0.617(40)(21)®
SESAM 99° [131] 2 A m = cE(1S-1P)
Wingate 95¢ [132] 2 A = ® cg(1S-1P)
Davies 94¢ [133] 2 A = = 7
Aoki 947 [134] 2 A B m  cE(1S-1P)
Kitazawa 16 [35] © A wo 260(5)’ 0.621(11)
FlowQCD 15 [26] 0 P wo.4" 258(6)" 0.618(11)"
QCDSF/UKQCD 05[130] 0 A ro = 0.467(33)fm  259(1)(20)  0.614(2)(5)°
SESAM 99° [131] © A m =®  c(1S-1P)
Wingate 95¢ [132] © A B m  cE(1S-1P)
Davies 94° [133] © A E = 7
El-Khadra 929 [135] 0O A m cZ(18-1P) 234(10) 0.560(24)"

Tt

* K

The numbers for A have been converted from the values for ags)(M z).
a%(E) GeV) = 0.2034(21), oz%(Mz) = 0.1184(6), only update of intermediate scale and c-, b-quark
masses, supersedes HPQCD 08A.

all(Mz) = 0.1192(11).

(P (7.5 GeV) = 0.2120(28), o{>L (M) = 0.1183(8), supersedes HPQCD 05.

Scale is originally determined from Y mass splitting. r1 is used as an intermediate scale. In conversion
to 7oAgrs, To is taken to be 0.472fm.

al? (7.5 GeV) = 0.2082(40), ol>L(Mz) = 0.1170(12).

This supersedes Refs. [136-138]. a%(Mz) = 0.112(1)(2). The N;y = 2 results were based on values
for 79/a which have later been found to be too small [57]. The effect will be of the order of 10-15%,
presumably an increase in Arg.

all(Mz) = 0.1118(17).

ag)(6.48 GeV) = 0.194(7) extrapolated from Ny =0, 2. oz%(Mz) = 0.107(5).

Y (8.2GeV) = 0.1959(34) extrapolated from Ny = 0,2. al>L(Mz) = 0.115(2).
Estimated aioL(Mz) = 0.108(5)(4).
This early computation violates our requirement that scheme conversions are done at the 2-loop level.

A% = 160(T37)MeV, a%(BGeV) = 0.174(12). We converted this number to give a%(]\/[z) =0.106(4).
We used ro = 0.472 fm to convert to 7oAy

Reference scale wo.4 where w; is defined by t0; [tz(E(t)m
at positive flow time ¢ [26]. Our conversion to 7o scale using [26] 7o /wo.4 = 2.587(45) and ro = 0.472 fm.

1wz = T in terms of the action density F(t)

Our conversion from woAyg = 0.2154(12) to 7o scale using ro/wo = (ro/wo.4) - (wo.4/wo) = 2.885(50)
with the factors cited by the collaboration [26] and with 7o = 0.472 fm.

Table 56: Wilson loop results. Some early results for Ny = 0,2 did not determine Agg.

23


http://arxiv.org/abs/1902.08191

S. Aoki et al. FLAG Review 2019 1902.08191

splitting for single lattice spacings in Ny = 0, 2 giving a= ~ 1.80GeV for Ny = 0 and
a~! ~ 1.66GeV for Ny = 2, they obtain 049(3.41/(1) ~ (.15 and 04/2) ~ (.18, respectively.
Extrapolating the coupling linearly in Ny, they obtain ag’ ) (6.48 GeV) = 0.194(17).
The QCDSF/UKQCD collaboration, QCDSF/UKQCD 05 [130], [136—-138], use the 2-loop
relation (re-written here in terms of «)
1 1

(1) ap(lja) + 4m(2bg Inap — t7) + (4m)2(2by Inap — t5)ap(1/a) , (325)

where t} and t5 are known. (A 2-loop relation corresponds to a 3-loop lattice 3-function.)
This was used to directly compute agpg, and the scale was chosen so that the O(ad) term
vanishes, i.e.,

N _f2:63/a N;j=0
= Lol /m) = { 35 =0 (326)

The method is to first compute ap(1/a) and from this, using Eq. (323) to find agg(p*). The
RG equation, Eq. (280), then determines p*/Ajg and hence using Eq. (324) leads to the
result for roAgg. This avoids giving the scale in MeV until the end. In the Ny = 0 case
seven lattice spacings were used [62], giving a range p*/Ayg ~ 24-72 (or a~! =~ 2-7 GeV)
and aeg = agg(p*) = 0.15-0.10. Neglecting higher-order perturbative terms (see discussion
after Eq. (325) below) in Eq. (323) this is sufficient to allow a continuum extrapolation of
roAyg- A similar computation for Ny = 2 by QCDSF/UKQCD 05 [130] gave pu*/Ayg =
12-17 (or roughly a™! ~ 2-3 GeV) and aer = agpg(p*) ~ 0.20-0.18. The Ny = 2 results of
QCDSF/UKQCD 05 [130] are affected by an uncertainty which was not known at the time
of publication: It has been realized that the values of r/a of Ref. [130] were significantly too
low [57]. As this effect is expected to depend on a, it influences the perturbative behaviour
leading us to assign a m for that criterion.

Since FLAG 13, there has been one new result for Ny = 0 by FlowQCD 15 [26], later
updated and published in Kitazawa 16 [35]. They also use the techniques as described in
Egs. (323), (324), but together with the gradient flow scale wq (rather than the ry scale)
leading to a determination of woAgg. The continuum limit is estimated by extrapolating
the data at 6 lattice spacings linearly in a®. The data range used is p*/Agg ~ 50-120 (or
a~! ~ 5-11 GeV) and ag(p*) &~ 0.12-0.095. Since a very small value of agrg is reached,
there is a s in the perturbative behaviour. Note that our conversion to the common ry scale
unfortunately leads to a significant increase of the error of the A parameter compared to using
wp directly [68]. Again we note that the results of QCDSF/UKQCD 05 [130] (N; = 0) and
Kitazawa 16 [35] may be affected by frozen topology as they have lattice spacings significantly
below a = 0.05 fm. Kitazawa 16 [35] investigate this by evaluating wg/a in a fixed topology
and estimate any effect at about ~ 1%.

The work of HPQCD 05A [124] (which supersedes the original work [139]) uses three
lattice spacings a = ~ 1.2, 1.6, 2.3 GeV for 2+ 1 flavour QCD. Typically the renormalization
scale ¢ = m/a = 3.50-7.10 GeV, corresponding to ays =~ 0.22-0.28.

In the later update HPQCD 08A [125] twelve data sets (with six lattice spacings) are
now used reaching up to a~! ~ 4.4 GeV, corresponding to ays ~ 0.18. The values used for
the scale r; were further updated in HPQCD 10 [128]. Maltman 08 [129] uses most of the
same lattice ensembles as HPQCD 08A [125], but not the one at the smallest lattice spacing,
a ~ 0.045 fm. Maltman 08 [129] also considers a much smaller set of quantities (three versus
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22) that are less sensitive to condensates. They also use different strategies for evaluating the
condensates and for the perturbative expansion, and a slightly different value for the scale r;.
The central values of the final results from Maltman 08 [129] and HPQCD 08A [125] differ
by 0.0009 (which would be decreased to 0.0007 taking into account a reduction of 0.0002 in
the value of the r; scale used by Maltman 08 [129]).

As mentioned before, the perturbative coefficients are computed through 3-loop order [140],
while the higher-order perturbative coefficients ¢, with nymax > n > 3 (with nya.x = 10) are
numerically fitted using the lattice-simulation data for the lattice spacings with the help of
Bayesian methods. It turns out that corrections in Eq. (319) are of order |c;/c1]a® = 5-15%
and 3-10% for ¢« = 2, 3, respectively. The inclusion of a fourth-order term is necessary to
obtain a good fit to the data, and leads to a shift of the result by 1 — 2 sigma. For all but
one of the 22 quantities, central values of |c4/c1| = 2—4 were found, with errors from the fits
of ~ 2.

An important source of uncertainty is the truncation of perturbation theory. In HPQCD
08A [125], 10 [128] it is estimated to be about 0.4% of agy(Mz). In FLAG 13 we included
a rather detailed discussion of the issue with the result that we prefer for the time being a
more conservative error based on the above estimate |c4/c1| = 2. From Eq. (318) this gives
an estimate of the uncertainty in aeg of

agg(p1) (327)

C4
AO‘eff (Nl) - ’ a

at the scale p; where aeg is computed from the Wilson loops. This can be used with a
variation in A at lowest order of perturbation theory and also applied to a5 evolved to a
different scale 12,5

% _ 1 Aag Aas(p2) _ ag(lﬂ) (328)
A S8mhoos s Aas(pr)  a2(pw)

With pg = Mz and as(p1) = 0.2 (a typical value extracted from Wilson loops in HPQCD 10
[128], HPQCD 08A [125] at u = 5 GeV) we have

Aags(mz) = 0.0012, (329)

which we shall later use as the typical perturbative uncertainty of the method with 2 + 1
fermions.

Tab. 56 summarizes the results. Within the errors of 3-5% Ny = 3 determinations of 7oA
nicely agree.

9.7 «, from heavy-quark current two-point functions

9.7.1 General considerations

The method has been introduced in HPQCD 08, Ref. [141], and updated in HPQCD 10,
Ref. [128], see also Ref. [142]. In addition there is a 2+1+1 flavour result, HPQCD 14A [27].
Since FLAG 16 two new results have appeared: JLQCD 16 [36] and Maezawa 16 [37].

SFrom Eq. (287) we see that at low order in PT the coupling « is continuous and differentiable across the
mass thresholds (at the same scale). Therefore to leading order as and Aa;, are independent of Ny.

25


http://arxiv.org/abs/1902.08191

S. Aoki et al. FLAG Review 2019 1902.08191

The basic observable is constructed from a current

J(@) = imeo(x) 7590 (2) (330)

of two mass-degenerate heavy-valence quarks, c, ¢/, usually taken to be at or around the
charm quark mass. The pre-factor m,. denotes the bare mass of the quark. When the lattice
discretization respects chiral symmetry, J(z) is a renormalization group invariant local field,
i.e., it requires no renormalization. Staggered fermions and twisted mass fermions have such
a residual chiral symmetry. The (Euclidean) time-slice correlation function

G(x) = a’ ZUT(JI)J(O)) : (331)

(Jt(x) = imepy (2)y5¢e(x)) has a ~ x5 singularity at short distances and moments

T/2—a

Gn=a Y  x3G(x) (332)
zo=—(T/2—a)

are nonvanishing for even n and furthermore finite for n > 4. Here T is the time extent of the
lattice. The moments are dominated by contributions at ¢ of order 1/m.. For large mass m,
these are short distances and the moments become increasingly perturbative for decreasing n.

Denoting the lowest-order perturbation theory moments by Gﬁ?), one defines the normalized
moments
G4/GELO) forn=14,
R, = 1/(n—4) (333)
amn,. Gy
Sam. (Gﬁf”) forn>6,

of even order n. Note that Eq. (328) contains the variable (bare) heavy-quark mass m.. The
(0)

normalization Gy’ is introduced to help in reducing lattice artifacts. In addition, one can
also define moments with different normalizations,

R, =2R,/m,, forn>6. (334)

While R, also remains renormalization group invariant, it now also has a scale which might
introduce an additional ambiguity [36].
The normalized moments can then be parameterized in terms of functions

{ ra(as(p)) forn =4,
R, =

rlos() - for > 6
me () ’

(335)
with m.(u) being the renormalized charm-quark mass. The reduced moments r, have a
perturbative expansion

rh=14+rp105 + TrnoQ? 4 rpgad + ... (336)

where the written terms 7, ;(p/me(p)), @ < 3 are known for low n from Refs. [143-147]. In
practice, the expansion is performed in the MS scheme. Matching nonperturbative lattice
results for the moments to the perturbative expansion, one determines an approximation
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to agrg(p) as well as m.(p). With the lattice spacing (scale) determined from some extra
physical input, this calibrates p. As usual suitable pseudoscalar masses determine the bare
quark masses, here in particular the charm mass, and then through Eq. (333) the renormalized
charm-quark mass.

A difficulty with this approach is that large masses are needed to enter the perturbative
domain. Lattice artifacts can then be sizeable and have a complicated form. The ratios in
Eq. (331) use the tree-level lattice results in the usual way for normalization. This results in
unity as the leading term in Eq. (334), suppressing some of the kinematical lattice artifacts.
We note that in contrast to, e.g., the definition of ayq, here the cutoff effects are of order
afag, while there the tree-level term defines a5 and therefore the cutoff effects after tree-level
improvement are of order a*a?.

Finite-size effects (FSE) due to the omission of |t| > T/2 in Eq. (330) grow with n
as (my,T/2)" exp (—m,,, T/2). In practice, however, since the (lower) moments are short-
distance dominated, the FSE are expected to be irrelevant at the present level of precision.

Moments of correlation functions of the quark’s electromagnetic current can also be ob-
tained from experimental data for e™e™ annihilation [148, 149]. This enables a nonlattice
determination of ay using a similar analysis method. In particular, the same continuum
perturbation theory computation enters both the lattice and the phenomenological determi-
nations.

9.7.2 Discussion of computations

The method has originally been applied in HPQCD 08B [141] and in HPQCD 10 [128], based
on the MILC ensembles with 2 + 1 flavours of Asqtad staggered quarks and HISQ valence
quarks. Both use R,, while the latter also used a range of quark masses m. in addition to the
physical charm mass.

The scale was set using 1 = 0.321(5) fm in HPQCD 08B [141] and the updated value
r1 = 0.3133(23) fm in HPQCD 10 [128]. The effective range of couplings used is here given for
n = 4, which is the moment most dominated by short (perturbative) distances and important
in the determination of a. The range is similar for other ratios. With r4; = 0.7427 and
Ry = 1.28 determined in the continuum limit at the charm mass in Ref. [141], we have
e = 0.38 at the charm-quark mass, which is the mass value where HPQCD 08B [141]
carries out the analysis. In HPQCD 10 [128] a set of masses is used, with Ry € [1.09,1.29],
which corresponds to aeg € [0.12,0.40]. The available data of HPQCD 10 [128] is reviewed in
FLAG 13. For the continuum limit criterion, we choose the scale y = 2m. ~ m,;, /1.1, where
we have taken m, in the MS scheme at scale m,. and the numerical value 1.1 was determined
in HPQCD 10B [151]. With these choices for p, the continuum limit criterion is satisfied for
three lattice spacings when aeg < 0.3 and n = 4.

Larger-n moments are more influenced by nonperturbative effects. For the n values consid-
ered, adding a gluon condensate term only changed error bars slightly in HPQCD’s analysis.
We note that HPQCD in their papers perform a global fit to all data using a joint expan-
sion in powers of a, (A/(m,./2))? to parameterize the heavy-quark mass dependence, and
(amy,./2)? to parameterize the lattice-spacing dependence. To obtain a good fit, they must
exclude data with am,, > 1.95 and include lattice-spacing terms a® with i greater than 10.
Because these fits include many more fit parameters than data points, HPQCD uses their
expectations for the sizes of coefficients as Bayesian priors. The fits include data with masses
as large as amy, /2 ~ 0.86, so there is only minimal suppression of the many high-order con-
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)
N
S .F S
PSR &
S & &S

Collaboration Ref. Ny scale Ayis[MeV]  roAys

HPQCD 14A [27] 24141 A wo = 0.1715(9) fm® 294(11)"° 0.703(26)
Maezawa 16 [37]  2+1 A " r1 = 0.3106(18) fm?  309(10)° 0.739(24)°
JLQCD 16 [36] 241 A Vio = 0.1465(25) fm  331(38)F 0.792(89)7
HPQCD 10 [128]  2+1 A r1 = 0.3133(23) fm"  338(10)* 0.809(25)
HPQCD 08B [141]  2+1 A = ®m = 7 =0321(5)fm' 325(18)" 0.777(42)

Scale determined in [150] using fr.

ol (5GeV) = 0.2128(25), all(Mz) = 0.11822(74).

We evaluated A% from 0‘1\%' We also used ro = 0.472 fm.
Scale is determined from fr .

a%(mc = 1.267 GeV) = 0.3697(85), Q%(Mz) = 0.11622(84). Our conversion with ro = 0.472 fm.
I We evaluated A% from the given oz%(?) GeV) = 0.2528(127). a%(MZ) = 0.1177(26). We also used
ro = 0.472 fm to convert.

* ol (5GeV) = 0.2034(21), al2L (M) = 0.1183(7).
:

Scale is determined from T mass splitting.
* We evaluated A% from the given a%(?) GeV) = 0.251(6). a%(Mz) = 0.1174(12).

ST

4}

Table 57: Heavy-quark current two-point function results. Note that all analysis using 2 + 1
flavour simulations perturbatively add a dynamical charm quark. Partially they then quote
results in Ny = 4-flavour QCD, which we converted back to Ny = 3, corresponding to the
nonperturbative sea quark content.

tributions for the heavier masses. It is not clear, however, how sensitive the final results are
to the larger am,, /2 values in the data. The continuum limit of the fit is in agreement with
a perturbative scale dependence (a 5-loop running agg with a fitted 5-loop coefficient in the
B-function is used). Indeed, Fig. 2 of Ref. [128] suggests that HPQCD'’s fit describes the data
well.

A more recent computation, HPQCD 14A [27] uses R,, and is based on MILC’s 2+41+1
HISQ staggered ensembles. Compared to HPQCD 10 [128] valence- and sea-quarks now use
the same discretization and the scale is set through the gradient flow scale wg, determined
to wp = 0.1715(9) fm in Ref. [152]. A number of data points satisfy our continuum limit
criterion ap < 1.5, at two different lattice spacings. This does not by itself lead to a o but
the next-larger lattice spacing does not miss the criterion by much . We therefore assign a
in that criterion.

Two new computations have appeared since the last FLAG report. Maezawa and Pe-
treczky, [37] computed the two-point functions of the c¢ pseudoscalar operator and obtained
Ry, Re/Rs and Rg/R1o based on the HotQCD collaboration HISQ staggered ensembles, [52].
The scale is set by measuring r; = 0.3106(18) fm. Continuum limits are taken fitting the
lattice spacing dependence with a? 4+ a* form as the best fit. For Ry, they also employ other

28


http://arxiv.org/abs/1902.08191

S. Aoki et al. FLAG Review 2019 1902.08191

forms for fit functions such as a2, ab°%%*dq2 + ¢4, etc., the results agreeing within errors.

Matching R4 with the 3-loop formula Eq. (334) through order oziTS [143], where p is fixed to

me, they obtain a%(u =m,) = 0.3697(54)(64)(15). The first error is statistical, the second

is the uncertainty in the continuum extrapolation, and the third is the truncation error in

the perturbative approximation of r4. This last error is estimated by the “typical size” of

the missing 4-loop contribution, which they assume to be aiTS(,u) multiplied by 2 times the
4 4

3-loop coefficient 2 x 74,3 X af=(p) = 0.2364 X ag=(nt). The result is converted to

oL (M) = 0.11622(34) (337)

Since ae(2m.) reaches 0.25, we assign o for the criterion of the renormalization scale. As
AAN/A ~ o2, we assign m for the criterion of perturbative behaviour. The lattice cutoff
ranges as a~ ' = 1.42-4.89 GeV with p = 2m, ~ 2.6 GeV so that we assign o for continuum
extrapolation.

JLQCD 16 [36] also computed the two-point functions of the c¢ pseudoscalar opera-
tor and obtained Rg, Rg, Rip and their ratios based on 2+1 flavour QCD with Mobius
domain-wall quark for three lattice cutoff a=! = 2.5, 3.6, 4.5 GeV. The scale is set by
Vto = 0.1465(21)(13) fm. The continuum limit is taken assuming linear dependence on a?.
They find a sizeable lattice-spacing dependence of R4, which is therefore not used in their anal-
ysis, but for Rg, Rg, R1o the dependence is mild giving reasonable control over the continuum
limit. They use the perturbative formulae for the vacuum polarization in the pseudoscalar
channel TIpg through order a2 _ in the MS scheme [145, 146] to obtain al) Combining the

MS MS’®
matching of lattice results with continuum perturbation theory for Rg, Rg /S Rg and Ry, they

obtain al(\%(u = 3 GeV) = 0.2528(127), where the error is dominated by the perturbative
truncation error. To estimate the truncation error they study the dependence of the final
result on the choice of the renormalization scales o, pm which are used as renormalization
scales for o and the quark mass. Independently [153] the two scales are varied in the range

of 2 GeV to 4 GeV. The above result is converted to oz%(M 7) as

ol (M) = 0.1177(26) . (338)

Since aeg roughly reaches 0.25, they have for the renormalization scale criterion. Since
AA/A > o2, we also assign o for the criterion of perturbative behaviour. The lattice cutoff
ranges over a~! = 2.5-4.5 GeV with u = 3 GeV so we also give them a for continuum
extrapolation.

There is a significant difference in the perturbative error estimate of JLQCD 16 [36] and
Maezawa 16 [37], both of which use the moments at the charm mass. JLQCD 16 uses the
scale dependence (see also Sec. 9.2.3) but Maezawa 16 looks at the perturbative coefficients
at u = my, with mq(m.) = m,. While the Maezawa 16 result derives from Ry, JLQCD 16
did not use that moment and therefore did not show its renormalization-scale dependence.
We provide it here and show a(m.) extracted from R4 expanded in o(p) for = sm, (and
evolved to = m,) in Fig. 35. Note that the perturbative error estimated by Maezawa 16
is a small contribution to the total error, while the scale dependence in Fig. 35 is significant
between, e.g., s = 1 and s = 4. This is a confirmation of our m in the perturbative error
criterion which is linked to the cited overall error as spelled out in Sec. 9.2.1.

Aside from the final results for as(myz) obtained by matching with perturbation theory,
it is interesting to make a comparison of the short distance quantities in the continuum limit
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Figure 35: Renormalization-scale (u) dependence of a(my) extracted from Ry. We have
evaluated this dependence for the case where the same renormalization scale is used for the
quark mass and for a.

R, which are available from HPQCD 08 [141], JLQCD 16 [36] and Maezawa 16 [37] (all
using 2 + 1 flavours). In Fig 36 we plot the various results based on the numbers collated in

o FLAG2019 R
o

I —0O— Maezawa 16
S FOH HPQCD 08
v
o o JLQCD 16

I HOH Maezawa 16
& —0— HPQCD 08
o
o HOH JLQCD 16

I —0— Maezawa 16
& —O0— HPQCD 08
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o FOA JLQCD 16
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& O JLQCD 16
> O Maezawa 16
% O HPQCD 08
,;{49 o) JLQCD 16
> @] Maezawa 16
[ @] HPQCD 08
0.95 1.00 1.05 1.10

Figure 36: Ratios from Tab. 58. Note that constants have been subtracted from Ry, Rg and
Rip, to be able to plot all results in a similar range.
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Tab. 58. These results are in quite good agreement with each other. For future studies it is of

HPQCD 08 Maezawa 16 JLQCD 16
R, 1.281(5) 1.274(7

)
Rg 1.528(11) 1.520(4) 1.509(7)
Rs 1.370(10) 1.367(8) 1.359(4)
Rio 1.304(9) 1.302(8) 1.297(4)
Rg/Rs | 1.113(2) 1.114(2) 1.111(2)
Rg/Ryo | 1.049(2) 1.0495(7)  1.0481(9)

Table 58: Moments from Ny = 3 simulations at the charm mass. The moments have been
corrected perturbatively to include the effect of a charm sea quark.

course interesting to check agreement of these numbers before turning to the more involved
determination of as.
In Tab. 57 we summarize the results for the latter.

9.8 «a, from QCD vertices
9.8.1 General considerations

The most intuitive and in principle direct way to determine the coupling constant in QCD
is to compute the appropriate three- or four-point gluon vertices or alternatively the quark-
quark-gluon vertex or ghost-ghost-gluon vertex (i.e., ¢gA or ¢cA vertex, respectively). A
suitable combination of renormalization constants then leads to the relation between the bare
(lattice) and renormalized coupling constant. This procedure requires the implementation of
a nonperturbative renormalization condition and the fixing of the gauge. For the study of
nonperturbative gauge fixing and the associated Gribov ambiguity, we refer to Refs. [154—
156] and references therein. In practice the Landau gauge is used and the renormalization
constants are defined by requiring that the vertex is equal to the tree level value at a certain
momentum configuration. The resulting renormalization schemes are called ‘MOM’ scheme

—_——

(symmetric momentum configuration) or ‘MOM’ (one momentum vanishes), which are then
converted perturbatively to the MS scheme.

A pioneering work to determine the three-gluon vertex in the Ny = 0 theory is Alles 96 [157]
(which was followed by Ref. [158] for two flavour QCD); a more recent Ny = 0 computation
was Ref. [159] in which the three-gluon vertex as well as the ghost-ghost-gluon vertex was con-
sidered. (This requires a computation of the propagator of the Faddeev—Popov ghost on the
lattice.) The latter paper concluded that the resulting Ajrg depended strongly on the scheme
used, the order of perturbation theory used in the matching and also on nonperturbative
corrections [160].

Subsequently in Refs. [161, 162] a specific M&\/a scheme with zero ghost momentum for
the ghost-ghost-gluon vertex was used. In this scheme, dubbed the ‘MM’ (Minimal MOM) or
‘Taylor’ (T) scheme, the vertex is not renormalized, and so the renormalized coupling reduces
to

2
1 h 9
ar () = D™ (1, 0) DR (m,a) 7 (339)
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where D" and D& are the (bare lattice) dressed ghost and gluon ‘form factors’ of these

lat lat
propagator functions in the Landau gauge,
Dghost P Pup Dgluon P
D) =~ P o) = (o, - P ) PR g

and we have written the formula in the continuum with Dghost/gluon(py — Dlgallosw ghion (p,0).

Thus there is now no need to compute the ghost-ghost-gluon vertex, just the ghost and gluon
propagators.

9.8.2 Discussion of computations

For the calculations considered here, to match to perturbative scaling, it was first necessary
to reduce lattice artifacts by an H(4) extrapolation procedure (addressing O(4) rotational
invariance), e.g., ETM 10F [168] or by lattice perturbation theory, e.g., Sternbeck 12 [166].
To match to perturbation theory, collaborations vary in their approach. In ETM 10F [168],
it was necessary to include the operator A% in the OPE of the ghost and gluon propagators,
while in Sternbeck 12 [166] very large momenta are used and a?p? and a*p? terms are included
in their fit to the momentum dependence. A further later refinement was the introduction
of higher nonperturbative OPE power corrections in ETM 11D [165] and ETM 12C [164].
Although the expected leading power correction, 1/p*, was tried, ETM finds good agreement
with their data only when they fit with the next-to-leading-order term, 1/p®. The update
ETM 13D [163] investigates this point in more detail, using better data with reduced statistical
errors. They find that after again including the 1/p® term they can describe their data over
a large momentum range from about 1.75 GeV to 7 GeV.

In all calculations except for Sternbeck 10 [167], Sternbeck 12 [166] , the matching with the
perturbative formula is performed including power corrections in the form of condensates, in
particular (A?). Three lattice spacings are present in almost all calculations with N r=0,2,
but the scales ap are rather large. This mostly results in a m on the continuum extrapolation
(Sternbeck 10 [167], Boucaud 01B [158] for Ny = 2. Ilgenfritz 10 [169], Boucaud 08 [162],
Boucaud 05 [159], Becirevic 99B [174], Becirevic 99A [175], Boucaud 98B [176], Boucaud 98A
[177], Alles 96 [157] for Ny = 0). A o is reached in the Ny = 0 computations Boucaud
00A [173], 00B [172], 01A [171], Soto 01 [170] due to a rather small lattice spacing, but this
is done on a lattice of a small physical size. The Ny = 2 4 1 + 1 calculation, fitting with
condensates, is carried out for two lattice spacings and with ap > 1.5, giving m for the
continuum extrapolation as well. In ETM 10F [168] we have 0.25 < aeg < 0.4, while in ETM
11D [165], ETM 12C [164] (and ETM 13 [178]) we find 0.24 < aeg < 0.38, which gives a
green circle in these cases for the renormalization scale. In ETM 10F [168] the values of ap
violate our criterion for a continuum limit only slightly, and we give a

In Sternbeck 10 [167], the coupling ranges over 0.07 < aeg < 0.32 for Ny = 0 and
0.19 < aegr < 0.38 for Ny = 2 giving and for the renormalization scale, respectively.
The fit with the perturbative formula is carried out without condensates, giving a satisfactory
description of the data. In Boucaud 01A [171], depending on a, a large range of aeg is used
which goes down to 0.2 giving a o for the renormalization scale and perturbative behaviour,
and several lattice spacings are used leading to © in the continuum extrapolation. The Ny = 2
computation Boucaud 01B [171], fails the continuum limit criterion because both ap is too
large and an unimproved Wilson fermion action is used. Finally in the conference proceedings
Sternbeck 12 [166], the Ny = 0, 2, 3 coupling a is studied. Subtracting 1-loop lattice artifacts
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R4 s i~
S
Collaboration Ref. Ny § & § & scle Axis[MeV] roAyig
ETM 13D [163] 2+1+1 A . S 314(7)(14)(10)*  0.752(18)(34)(81)"
ETM 12C  [164] 2+1+1 A m fe 324(17)8 0.775(41)1
ETM 11D [165] 2+1+1 A m fe 316(13)(8)(9)*  0.756(31)(19)(T9,)"
Sternbeck 12 [166] 2+1 C only running of a; in Fig. 4
Sternbeck 12 [166] 2 C Agreement with roAyg value of [57]
Sternbeck 10 [167] 2 C n 251(15)% 0.60(3)(2)
ETM 10F  [168] 2 A fr 330(23)(22)(F9;) 0.72(5)*"
Boucaud 01B [158] 2 A m K'—K 264(27)** 0.669(69)
Sternbeck 12 [166] 0 C Agreement with roAszg value of [112]
Sternbeck 10 [167] 0 C n 259(4)* 0.62(1)
Ilgenfritz 10 [169] O A B only running of a; in Fig. 13
Boucaud 08 [162] 0 A B Jo=445MeV  224(3)(T%) 0.59(1)(3)
Boucaud 05 [159] 0 A = m Jo=445MeV  320(32) 0.85(9)
Soto 01 [170] 0 A Vo =445MeV  260(18) 0.69(5)
Boucaud 01A [171] 0 A Vo =445MeV  233(28) MeV 0.62(7)
Boucaud 00B [172] 0 A only running of as
Boucaud 00A [173] 0 A Vo =445MeV  237(3)(F,9) 0.63(1)(*9)
Becirevic 99B[174] 0 A B Jo=445MeV  319(14)(71) 0.84(4) (%)
Becirevic 99A[175] 0 A B Jo=445MeV  <353(2)(T2%)  <0.93(F))
Boucaud 98B [176] 0 A =m B Jo=445MeV  295(5)(15) 0.78(4)
Boucaud 98A [177] 0 A = " Jo=445MeV  300(5) 0.79(1)
Alles 96 [157) 0 A m =m m /o=440MeV*tT 340(50) 0.91(13)

OlMS

*  w —+ R

H*

Q—=
MS
++

©) (Mz) = 0.1196(4)(8)(6).

We use the 241 value ro = 0.472 fm.
all(Mz) = 0.1200(14).

First error is statistical; second is due to the lattice spacing and third is due to the chiral extrapolation.
all(Mz) = 0.1198(9)(5)(*9).

In the paper only roAgg is given, we converted to MeV with ro = 0.472 fm.
The determination of ro from the fr scale is found in Ref. [55].

ol (My) = 0.113(3)(4).

The scale is taken from the string tension computation of Ref. [113].

Table 59: Results for the gluon—ghost vertex.

and subsequently fitting with a?p? and a*p* additional lattice artifacts, agreement with the
perturbative running is found for large momenta (r%pQ > 600) without the need for power
corrections. In these comparisons, the values of rgAyg from other collaborations are used.
As no numbers are given, we have not introduced ratings for this study.
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In Tab. 59 we summarize the results. Presently there are no Ny > 3 calculations of o
from QCD vertices that satisfy the FLAG criteria to be included in the range.

9.9 «, from the eigenvalue spectrum of the Dirac operator
9.9.1 General considerations

Consider the spectral density of the continuum Dirac operator

pM%:é<§}&A—MQ+MA+MQv, (341)

k

where V is the volume and Ay, are the eigenvalues of the Dirac operator in a gauge background.
Its perturbative expansion

3
p(N) = 5 N1 = p15° — p2g* — p33° + O(5%)) (342)

47
is known including ps in the MS scheme [179, 180]. In renormalization group improved form
one sets the renormalization scale p to u = s\ with s = O(1) and the p; are pure numbers.
Nakayama 18 [38] initiated a study of p(\) in the perturbative regime. They prefer to consider
w independent from A. Then p; are polynomials in log(\/u) of degree i. One may consider
dlog(p(A)) 2 4 6 _8 _10
FN)=—"—">=3-Fg°— F,qg — F35° — F. (0] , 343
(A) Flog(N) 19" — Ihg — F3g° — F4g” +O(g) (343)
where the four coefficients F;, again polynomials of degree i in log(A/u), are known. Choosing
instead the renormalization group improved form with g = s\ in Eq. (340) would have led to

F(X) =3 — Fyg'(\) — F3g°(\) — Fug®(A) + 0(3") (344)

with pure numbers F; and F; = 0. Determinations of a,; can be carried out by a computation
and continuum extrapolation of p(A) and/or F(\) at large A. Such computations are made
possible by the techniques of [38, 46, 181].

We note that according to our general discussions in terms of an effective coupling, we have
n1 = 2; the 3-loop 3 function of a coupling defined from Eq. (340) or Eq. (342) is known. *

9.9.2 Discussion of computations

There is one pioneering result to date using this method by Nakayama 18 [38]. They com-
puted the eigenmode distributions of the Hermitian operator a2Dlv(m ¢ =0,ampy)Doy(my =
0,ampy) where D,y is the overlap operator and mpy is the Pauli-Villars regulator on en-
sembles with 2+1 flavours using Mobius domain-wall quarks for three lattice cutoff a=! =
2.5,3.6,4.5 GeV, where ampy = 3 or co. The bare eigenvalues are converted to the MS
scheme at © = 2 GeV by multiplying with the renormalization constant Z,,(2 GeV), which is
then transformed to those renormalized at p = 6 GeV using the renormalization group equa-
tion. The scale is set by v/to = 0.1465(21)(13) fm. The continuum limit is taken assuming a
linear dependence in a?, while the volume size is kept about constant: 2.6-2.8 fm.

"In the present situation, the effective coupling would be defined by g3 (u) = F{UQ (3 — F(\)Y? with
= A, preferably taken as the renormalization group invariant eigenvalue.
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Choosing the renormalization scale ;1 = 6 GeV, Nakayama 18 [38], extracted a%(G GeV) =
0.204(10). The result is converted to

oLl (My) = 0.1226(36) . (345)

The lattice cutoff ranges over a=! = 2.5 — 4.5 GeV with u = A = 0.8 — 1.25 GeV yielding quite
small values apu. However, our continuum limit criterion does not apply as it requires us to
consider ag = 0.3. We thus deviate from the general rule and give a which would result
at the smallest value agg(i) = 0.4 considered by Nakayama 18 [38]. The values of agg lead
to a m for the renormalization scale, while perturbative behavior is rated

In Tab. 60 we list this result.

& &
s § §F §F
& § 3 $
~ s S N
S L §
Collaboration  Ref. Ny g & g & scale Axis[MeV] roAss
Nakayama 18 [38] 2+1 A . Vo 409(60) * 0.978(144)

* a%(]\/[z) = 0.1226(36). Ay determined by us using a%((i GeV) = 0.204(10). Uses ro = 0.472fm

Table 60: Dirac eigenvalue result.

9.10 Summary

After reviewing the individual computations, we are now in a position to discuss the overall
result. We first present the current status and for that briefly consider roA with its flavour
dependence from Ny = 0 to 4 flavours. Then we discuss the central ayg(Mz) results, which
just use Ny > 3, give ranges for each sub-group discussed previously, and give final FLAG
average as well as an overall average together with the current PDG nonlattice numbers.
Finally we return to roA, presenting our estimates for the various Ny.

9.10.1 The present situation

We first summarize the status of lattice-QCD calculations of the QCD scale Ay, Fig. 37
shows all the results for roAj;g discussed in the previous sections.

Many of the numbers are the ones given directly in the papers. However, when only Ay
in physical units (MeV) is available, we have converted them by multiplying with the value
of rg in physical units. The notation used is full green squares for results used in our final
average, while a lightly shaded green square indicates that there are no red squares in the
previous colour coding but the computation does not enter the ranges because either it has
been superseded by an update or it is not published. Red open squares mean that there is at
least one red square in the colour coding.
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Figure 37: roAyg estimates for Ny = 0, 2, 3, 4 flavours. Full green squares are used in our
final ranges, pale green squares also indicate that there are no red squares in the colour coding
but the computations were superseded by later more complete ones or not published, while
red open squares mean that there is at least one red square in the colour coding.
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For Ny = 0 there is relatively little spread in the more recent numbers.

When two flavours of quarks are included, the numbers extracted by the various groups
show a considerable spread, as in particular older computations did not yet control the sys-
tematics sufficiently. This illustrates the difficulty of the problem and emphasizes the need
for strict criteria. The agreement among the more modern calculations with three or more
flavours, however, is quite good.

We now turn to the status of the essential result for phenomenology, a%(M 7). In Tab. 61
and the upper plot in Fig. 38 we show all the results for a%(MZ) (i.e., ogg at the Z mass)
obtained from Ny =2+ 1 and Ny = 2 + 1 + 1 simulations. The conversion from Ny = 3 or
Ny =4 to Ny = 5 is made by matching the coupling constant at the charm and bottom quark
thresholds and using the scale as determined or used by the authors.

As can be seen from the tables and figures, at present there are several computations satis-
fying( ‘ghe criteria to be included in the FLAG average. Since FLAG 16 two new computations

5

of am(M z) pass all our criteria with at least a © and one computation with all . The
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(2]
S
Fs F s
G- &
& 5 s
T ¥ L S
T < 35
§ § § 8
§F &L

Collaboration ~ Ref. Ny g & 4§ ¢ ogrs(Mz) Remark Tab.
ALPHA 17 28] 2+1 A 0.11852( 84) step-scaling 53
PACS-CS 09A  [90] 241 A 0.11800(300) step-scaling 53
pre-range (average) 0.11848( 81)

Takaura 18 [32, 33] 241 P = 0.11790(70)(F139) Q-Q potential 54
Bazavov 14 [25] 2+1 A 0.11660(100) Q-Q potential 54
Bazavov 12 [110] 2+1 A 0.11560(*359) Q-Q potential 54
pre-range with estimated pert. error 0.11660(160)

Hudspith 18 [34] 2+1 P ] 0.11810(270)(7228) vacuum polarization 55
JLQCD 10 [120] 2+1 A = B 0.11180(30)(1%9) vacuum polarization 55
HPQCD 10 [128] 2+1 A 0.11840( 60) Wilson loops 56
Maltman 08 [129] 2+1 A 0.11920(110) Wilson loops 56
pre-range with estimated pert. error 0.11871(128)

JLQCD 16 [36] 2+1 A 0.11770(260) current two points 57
Maezawa 16 [37] 241 A ] 0.11622( 84) current two points 57
HPQCD 14A 27 24+1+1 A 0.11822( 74) current two points 57
HPQCD 10 [128] 2+1 A 0.11830( 70) current two points 57
HPQCD 08B [141] 2+1 A = = = 0.11740(120) current two points 57
pre-range with estimated pert. error 0.11818(156)

ETM 13D [163] 2+1+1 A m 0.11960(40)(80)(60)  gluon-ghost vertex 59
ETM 12C [164] 2+1+1 A ®  0.12000(140) gluon-ghost vertex 59
ETM 11D [165] 2+1+1 A B 0.11980(90)(50)(_£5)  gluon-ghost vertex 59
Nakayama 18 [38] 2+1 A ® 0.12260(360) Dirac eigenvalues 60

Table 61: Results for agg(Mz). Different methods are listed separately and they are combined
to a pre-range when computations are available without any = . A weighted average of the pre-
ranges gives 0.11824(58), using the smallest pre-range uncertainty gives 0.11824(81) while the
average uncertainty of the ranges used as an error gives 0.11824(131). We note that Bazavov
12 is superseded by Bazavov 14.

results agree quite well within the stated uncertainties. The uncertainties vary significantly.
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18 entry gives the outcome of their analysis excluding lattice results (see Sec. 9.10.4).
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()
9.10.2 Our range for Ot

We now explain the determination of our range. We only include those results without a red
tag and that are published in a refereed journal. We also do not include any numbers that
were obtained by extrapolating from theories with less than three flavours. They are not
controlled and can be looked up in the previous FLAG reviews.

A general issue with most determinations of agzg, both lattice and nonlattice, is that they
are dominated by perturbative truncation errors, which are difficult to estimate. Further, all
results discussed here except for those of Secs. 9.3, 9.6 are based on extractions of agrg that
are largely influenced by data with aeg > 0.3. At smaller o the momentum scale p quickly
is at or above a~!. We have included computations using ay up to 1.5 and aeg up to 0.4, but
one would ideally like to be significantly below that. Accordingly we choose to not simply
perform weighted averages with the individual errors estimated by each group. Rather, we
use our own more conservative estimates of the perturbative truncation errors in the weighted
average.

In the following we repeat aspects of the methods and calculations that inform our es-
timates of the perturbative truncation errors. We also provide separate estimates for ag
obtained from step-scaling, the heavy-quark potential, Wilson loops, and heavy-quark cur-
rent two-point functions to enable a comparison of the different lattice approaches; these are
summarized in Tab. 61.

e Step-scaling
The step-scaling computations of PACS-CS 09A [90] and ALPHA 17 [28] reach energies
around the Z-mass where perturbative uncertainties in the three-flavour theory are
negligible. Perturbative errors do enter in the conversion of the A-parameters from
three to five flavours, but successive order contributions decrease rapidly and can be
neglected. We form a weighted average of the two results and obtain oy = 0.11848(81).

e Potential computations

Brambilla 10 [112], ETM 11C [111] and Bazavov 12 [110] give evidence that they have
reached distances where perturbation theory can be used. However, in addition to
A, a scale is introduced into the perturbative prediction by the process of subtracting
the renormalon contribution. This subtraction is avoided in Bazavov 14 [25] by using
the force and again agreement with perturbative running is reported. Husung 17 [30]
(unpublished) studies the reliability of perturbation theory in the pure gauge theory with
lattice spacings down to 0.015fm and finds that at weak coupling there is a downwards
trend in the A-parameter with a slope AA/A =~ 9a2. While it is not very satisfactory to
use just Husung 17 [30] to estimate the perturbative error, we do not have additional
information at present. Further studies are needed to better understand the errors of
«s determinations from the potential.

Only Bazavov 14 [25] satisfies all of the criteria to enter the FLAG average for a,;. Given
the findings of [30] we estimate a perturbative error of AA/A = 9(a®)3 with o™ ~
0.19 the smallest value reached in [25]. This translates into Aayg(Mz) = 0.0014. A
different way to estimate the effect is to take the actual difference of the A-parameters
estimated in Ny = 0 by Brambilla 10 [112] and Husung 17 [30]: AA/A =~ (0.637 —
0.590)/0.637 = 0.074 or Aagg(Mz) = 0.0018. We use the mean of these two error
estimates together with the central value of Bazavov 14 and obtain ogq = 0.1166(16).
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e Small Wilson loops

Here the situation is unchanged as compared to FLAG 16. In the determination of
as from observables at the lattice spacing scale, there is an interplay of higher-order
perturbative terms and lattice artifacts. In HPQCD 05A [124], HPQCD 08A [125] and
Maltman 08 [129] both lattice artifacts (which are power corrections in this approach)
and higher-order perturbative terms are fitted. We note that Maltman 08 [129] and
HPQCD 08A [125] analyze largely the same data set but use different versions of the
perturbative expansion and treatments of nonperturbative terms. After adjusting for the
slightly different lattice scales used, the values of agg(Mz) differ by 0.0004 to 0.0008 for
the three quantities considered. In fact the largest of these differences (0.0008) comes
from a tadpole-improved loop, which is expected to be best behaved perturbatively.
We therefore replace the perturbative-truncation errors from [129] and [128] with our
estimate of the perturbative uncertainty Eq. (327). Taking the perturbative errors to
be 100% correlated between the results, we obtain for the weighted average agg =
0.11871(128).

e Heavy quark current two-point functions
Other computations with small errors are HPQCD 10 [128] and HPQCD 14A [27],
where correlation functions of heavy valence quarks are used to construct short-distance
quantities. Due to the large quark masses needed to reach the region of small coupling,
considerable discretization errors are present, see Fig. 30 of FLAG 16. These are treated
by fits to the perturbative running (a 5-loop running agg with a fitted 5-loop coefficient
in the S-function is used) with high-order terms in a double expansion in a?A? and
a’m? supplemented by priors which limit the size of the coefficients. The priors play an
especially important role in these fits given the much larger number of fit parameters
than data points. We note, however, that the size of the coefficients does not prevent
high-order terms from contributing significantly, since the data includes values of am,
that are rather close to 1.

More recent calculations use the same method but just at the charm quark mass, where
discretization errors are considerably smaller. Here the dominating uncertainty is the
perturbative error. JLQCD 16 [36] estimates it at Aas, = 0.0011 from independent
changes of the renormalization scales of coupling and mass, pq, ptm. Fig. 35 for the
residual scale dependence of oy from Ry yields 0.0017 from scale change 1 < s < 3
and 0.0025 for 2 < s < 4. For the figure we set poy = pm. Independent changes of
Lo pm would yield a larger estimate of the uncertainty [153]. We note also that there
are small differences in the continuum-extrapolated results in the moments themselves,
cf. Tab. 58. The relative difference in Rg/Rg — 1 ~ kas between Maezawa 16 [37], and
JLQCD 16 [36], is about 4.5(2.5)%, which translates into a difference of 0.0023(13) in
as at the Z-mass, close to the total cited uncertainty of JLQCD 16 [36]. A further
estimate of the uncertainty is the difference of the JLQCD 16 [36] and Maezawa 16 [37]
final numbers,® which is Aagg(Mz) = 0.0015

We settle for an intermediate value of Aa; = 0.0015. Replacing the perturbative trun-
cation errors from HPQCD 10 [128], HPQCD 14A [27], and JLQCD 16 [36] with this

80ne may wonder why we consider Maezawa 16 which has a m in the perturbative behaviour. This rating
is, however, due to the overall estimated uncertainty, not to the rest of the data and analysis, which we use
here.
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value, and including a 100% correlation between the perturbative errors, we obtain for
the weighted average agg = 0.11818(156).

o (Other methods
Computations using other methods do not qualify for an average yet, predominantly
due to a lacking o in the continuum extrapolation.

We obtain the central value for our range of o, from the weighted average of the four
pre-ranges listed in Tab. 61. The error of this weighted average is 0.0006, which is quite a
bit smaller than the most precise entry. Because, however, the errors on almost all of the as
calculations that enter the average are dominated by perturbative truncation errors, which
are especially difficult to estimate, we choose instead to take a larger range for ay of 0.0008.
This is the error on the pre-range for a, from step-scaling, because perturbative-truncation
errors are sub-dominant in this method. Our final range is then given by

alL(Myz) = 0.1182(8). (346)

Almost all of the eight calculations that are included are within 1o of this range. Further,
the range for a%(M z) presented here is based on results with rather different systematics
(apart from the matching across the charm threshold). We therefore believe that the true
value is very likely to lie within this range.

All computations which enter this range, with the exception of HPQCD 14A [27], rely on a
perturbative inclusion of the charm and bottom quarks. Perturbation theory for the matching
of §]2Vf and g?\,ffl looks very well behaved even at the mass of the charm. Worries that still
there may be purely nonperturbative effects at this rather low scale have been removed by
nonperturbative studies of the accuracy of perturbation theory. While the original study in
Ref. [183] was not precise enough, the extended one in Ref. [184] estimates effects in the
A-parameter to be significantly below 1% and thus negligible for the present and near future
accuracy.

9.10.3 Ranges for [roA]™) and Ayg

In the present situation, we give ranges for [ToA](Nf) and Agzg, discussing their determination
case by case. We include results with Ny < 3 because it is interesting to see the Ny-dependence
of the connection of low- and high-energy QCD. This aids our understanding of the field
theory and helps in finding possible ways to tackle it beyond the lattice approach. It is also of
interest in providing an impression on the size of the vacuum polarization effects of quarks, in
particular with an eye on the still difficult-to-treat heavier charm and bottom quarks. Even
if this information is rather qualitative, it may be valuable, given that it is of a completely
nonperturbative nature. We emphasize that results for [rgA](®) and [rgA]®) are not meant to
be used in phenomenology.

For Ny = 2+ 1+ 1, we presently do not quote a range as there is a single result: HPQCD
14A [27] found [roA]® = 0.70(3).

For Ny = 241, we take as a central value the weighted average of ALPHA 17 [28], JLQCD
16 [36], Bazavov 14 [25], HPQCD 10 [128] (Wilson loops and current two-point correlators),
PACS-CS 09A [90] and Maltman 08 [129]. Since the uncertainty in 7 is small compared to
that of A, we can directly propagate the error from the analog of Eq. (344) with the 2+1+1
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number removed and arrive at
[roAsrg]® = 0.806(29) . (347)

(The error of the straight weighted average is 0.012.) It is in good agreement with all 241
results without red tags. In physical units, using 7o = 0.472 fm and neglecting its error, this
means

(3) _
ADL = 343(12) MeV (348)

where the error of the straight weighted average is 5 MeV.

For Ny = 2, at present there is one computation with a # rating for all criteria, ALPHA
12 [57]. We adopt it as our central value and enlarge the error to cover the central values
of the other three results with filled green boxes. This results in an asymmetric error. Our
range is unchanged as compared to FLAG 13,

[roAgs® = 0.79(%,2) (349)
and in physical units, using rg = 0.472fm,
A2 = 330(F25)MeV . (350)

A weighted average of the four eligible numbers would yield [TOAW](Q) = 0.689(23), not
covering the best result and in particular leading to a smaller error than we feel is justified,
given the issues discussed previously in Sec. 9.4.2 (Karbstein 18 [31], ETM 11C [111]) and
Sec. 9.8.2 (ETM 10F [168]). Thus we believe that our estimate is a conservative choice; the
low values of ETM 11C [111] and Karbstein 18 [31] lead to a large downward error. We
note that this can largely be explained by different values of ry between ETM 11C [111] and
ALPHA 12 [57]. We still hope that future work will improve the situation.

For Ny = 0 we take into account ALPHA 98 [93], QCDSF/UKQCD 05 [130], Brambilla 10
[112], Kitazawa 16 [35] and Ishikawa 17 [29] for forming a range.” Taking a weighted average
of the five numbers, we obtain [roAyg](?) = 0.615(5), dominated by the QCDSF/UKQCD 05
[130] result.

Since the errors are dominantly systematic, due to missing higher orders of PT, we prefer
to presently take a range which encompasses all five central values and whose uncertainty
comes close to our estimate of the perturbative error in QCDSF/UKQCD 05 [130]: based on
lca/c1| = 2 as before, we find A[TOAM—S](O) = 0.018. We then have

[roAsrs)© = 0.615(18). (351)
Converting to physical units, again using rg = 0.472 fm yields
) _
Am = 257(7) MeV . (352)

While the conversion of the A parameter to physical units is quite unambiguous for Ny = 241,
our choice of rg = 0.472 fm also for smaller numbers of flavour amounts to a convention, in

9We have assigned a O for the continuum limit, in Boucaud 00A [173], 00B [172], 01A [171], Soto 01
[170] but these results are from lattices of a very small physical size with finite-size effects that are not easily
quantified.
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particular for Ny = 0. Indeed, in the Tabs. 53-59 somewhat different numbers in MeV are
found.

How sure are we about our ranges for [roAzrs]7)? In one case we have a result, Eq. (347)
that easily passes our criteria; in another one [Eq. (349)] we have four compatible results that
are close to that quality and agree. For Ny = 2 + 1 the range [Eq. (345)] takes account of
results with rather different systematics. We therefore find it difficult to imagine that the
ranges could be violated by much.

9.10.4 Conclusions

With the present results our range for the strong coupling is (repeating Eq. (344))
olL(Myz) = 0.1182(8)  Refs. [25, 27, 28, 36, 90, 128, 129],

and the associated A parameters

AD)L = 211(10) MeV Refs. [25, 27, 28, 36, 90, 128, 129), (353)
AL = 204(12) MeV Refs. [25, 27, 28, 36, 90, 128, 129], (354)
AY = 343(12) MeV Refs. [25, 27, 28, 36, 90, 128, 129). (355)

Compared with FLAG 16, the errors have been reduced by about 30% due to new compu-
tations. As can be seen from Fig. 38, when surveying the green data points, the individual
lattice results agree within their quoted errors. Furthermore those points are based on dif-
ferent methods for determining oy, each with its own difficulties and limitations. Thus the
overall consistency of the lattice as results and the large number of s in Tab. 38, engenders
confidence in our range.

It is interesting to compare with the Particle Data Group average of nonlattice determi-
nations of recent years,

orrs(Mz) = 0.1174(16), PDG 18, nonlattice [9] (279)

a%(MZ) = 0.1174(16), PDG 16, nonlattice [185] (356)
ol (Mz) = 0.1175(17), PDG 14, nonlattice [10] (357)
alL(Mz) = 01183(12), PDG 12, nonlatice [186] (358)

(there was no update in [9]). There is good agreement with Eq. (344). Due to recent new
determinations the lattice average is by now a factor two more precise than the nonlattice
world average and an average of the two [Eq. (344) and Eq. (279)] yields

oPL(Mz) = 0.1180(7), FLAG 19 + PDG I8. (359)

In the lower plot in Fig. 38 we show as blue circles the various PDG pre-averages which lead to
the PDG 2018/2016 nonlattice average. They are on a similar level as our pre-ranges (green
squares) : each one corresponds to an estimate (by the PDG) of o determined from one set
of input quantities. Within each pre-average multiple groups did the analysis and published
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their results as displayed in Ref. [9]. The PDG performed an average within each group;'°
we only display the latter in Fig. 38.

The fact that our range for the lattice determination of agyg(Mz) in Eq. (344) is in
excellent agreement with the PDG nonlattice average Eq. (279) is an excellent check for the
subtle interplay of theory, phenomenology and experiments in the nonlattice determinations.
The work done on the lattice provides an entirely independent determination, with negligible
experimental uncertainty, which reaches a better precision even with our quite conservative
estimate of its uncertainty.

Given that the PDG has not updated their number, Eq. (357) is presently the up-to-date
world average.

We finish by commenting on perspectives for the future. The step-scaling methods have
been shown to yield a very precise result and to satisfy all criteria easily. A downside is
that dedicated simulations have to be done and the method is thus hardly used. It would
be desirable to have at least one more such computation by an independent collaboration,
as also requested in the review [11]. For now, we have seen a decrease of the error by 30%
compared to FLAG 16. There is potential for a further reduction. Likely there will be more
lattice calculations of a from different quantities and by different collaborations. This will
enable increasingly precise determinations, coupled with stringent cross-checks.

ONote that these are not straight weighted averages since often individual results within one group are not
in good agreement.
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